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In this work, we propose a constitutive model for the ﬁnite-strain, macroscopic response of porous visco-
plastic solids, accounting for deformation-induced changes in the size, shape and distribution of the
voids. The model makes use of consistent homogenization estimates obtained by the ‘‘iterated variational
linear comparison’’ procedure of Agoras and Ponte Castañeda (2013) to characterize both the instanta-
neous effective response of the porous material and the evolution of the underlying microstructure.
The proposed model applies for general, three-dimensional loading conditions and can be implemented
numerically for use in standard FEM codes. We also investigate the interplay between the evolution of the
microstructure and the macroscopic stress–strain response, in the context of displacement-controlled,
plane strain loading (bi-axial straining) of initially isotropic, porous, rigid-plastic materials with
power-law hardening. We focus on the effect of strain triaxiality, and consider both extensional and con-
tractile loading conditions leading to porosity growth and collapse, respectively. For both types of load-
ings, it is found that the macroscopic behavior of the material exhibits an initial hardening regime
followed by a softening regime at sufﬁciently large strains. Consistent with earlier models and experi-
mental results, the softening regime for extensional loadings is a consequence of porosity growth. On
the other hand, the softening behavior predicted for contractile loadings is found to be a consequence
of void collapse, i.e., of rapid changes in the average shape of the pores leading to crack-like shapes.
For both types of loadings, the transition from hardening to softening in the macroscopic response can
be identiﬁed with the onset of macroscopic strain localization. The associated critical conditions at the
onset of localization are determined as a function of the strain triaxiality. The type of localization band
ranges from dilatational to compaction bands as the bi-axial straining varies from uniaxial extension
to uniaxial contraction.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The evolution of residual and/or nucleated voids under ﬁnite-
strain loading processes plays a crucial role in the macroscopic
response of ductile solids. This is the case, for example, during
metal-forming processes, such as rolling and forging, where micro-
scopic voids resulting from prior powder-metallurgy processes
may undergo substantial changes, not only in size but also in shape
and orientation, which may in turn signiﬁcantly affect the macro-
scopic properties of the end product. The development of constitu-
tive models properly accounting for the effect of void evolution on
the anisotropic macroscopic response of these materials
constitutes a prerequisite for carrying out full-scale numerical
simulations (e.g., by means of the ﬁnite element method) of
metal-forming processes. Experimental studies (e.g., Partederet al., 1999), as well as numerical unit cell simulations (e.g., Segu-
rado et al., 2002), indicate that pore shape changes can have a sig-
niﬁcant inﬂuence on the macroscopic response of metallic
materials under compressive loadings, such as those applied dur-
ing the aforementioned metal-forming processes. Thus, this paper
is concerned with the use of homogenization techniques to devel-
op constitutive models for ductile materials accounting for the ef-
fect of deformation-induced changes in the volume fraction and
average shape of the voids.
Another class of porous materials where the effect of porosity is
clearly very important is closed-cell metal foams (Ashby et al.,
1998). These materials are lightweight, containing a void volume
fraction (or porosity) that may exceed 90%, and have promising
applications in the automotive industry and elsewhere, mainly be-
cause of their exceptional energy-absorption properties under
compressive loadings. Probably the most characteristic aspect of
the mechanical behavior of metal foams under compressive load-
ings is the localization of the macroscopic deformation within nar-
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2000). Such compactions bands have also been observed in porous
rocks subjected to compressive stresses (Olsson, 1999). The forma-
tion of these bands plays a key role in the performance of the mate-
rial and, therefore, a better understanding of these instabilities is of
crucial importance for the development of metal foams with
improved properties. At the microscopic level, experimental
evidence (Bastawros et al., 2000) indicates that these instabilities
result from the plastic buckling of the ligaments between neigh-
boring cells. From a macroscopic point of view, as we will see,
the formation of these localization bands may be interpreted as a
consequence of progressive macroscopic softening of the material
induced by the evolution of the underlying microstructure. While
the study of metal foams is beyond the scope of the present work,
it will be shown by means of model applications that strain local-
ization instabilities, such as those observed during compression of
metallic foams and porous rocks under near uniaxial straining
conditions, are within the purview of the homogenization-based
constitutive models to be developed here for porous plastic
materials.
The constitutive models developed in this work are also
expected to be relevant in ductile fracture of metals, which is
known to result from complex processes involving the nucleation,
growth and coalescence of voids (e.g., Xue et al., 2010). Despite
substantial progress over the past ﬁfty years, the determination
of the critical conditions for ductile failure remains a controversial
subject. Based on a large amount of experimental results (e.g.,
Hancock and Mackenzie, 1976; Johnson and Cook, 1985), it has
been ﬁrmly established that the ductility of metals, deﬁned here
as the strain required for fracture, decreases monotonically with
increasing stress triaxiality Xr1 for loading conditions in the range
of moderate to large stress triaxialities (Xr > 1). In turn, this fact
suggests that ductile fracture of metals for moderate to large values
of Xr is controlled by the softening induced by the porosity growth
mechanism, since the porosity is known to grow faster with increas-
ing Xr for sufﬁciently large values of Xr. On the other hand, recent
experimental work (Bao and Wierzbicki, 2004; Barsoum and
Faleskog, 2007; Dunand and Mohr, 2010; Faleskog and Barsoum,
2013) indicates that things may be different for low values of Xr
(corresponding to shear-dominated loadings), including the possible
dependence of the material ductility on the Lode angle, which, in
turn, suggests that a different fracture mechanism may come into
play for low triaxialities. In fact, it has been proposed that this
mechanism could be related to the changes in the pore shape, which
can become signiﬁcant under shear-dominated loadings. Note, how-
ever, that recent experimental results by Haltom et al. (2013)—albeit
for a more restricted range of triaxialities ð0 < Xr < 0:5Þ—still show
a monotonic reduction of the material ductility with increasing Xr,
which is in contrast with the earlier ﬁndings.
The theoretical study of void growth in ductile solids includes
the pioneering work of Rice and Tracey (1969), which considered
the model problem of an isolated void embedded in an inﬁnite
medium. Building on the earlier works, Budiansky et al. (1982)
investigated both the growth and the collapse of an initially spher-
ical void in a viscoplastic matrix subjected to axisymmetric loading
conditions, establishing a strong, coupled dependence of the void
growth and shape evolution on the stress triaxiality and material
nonlinearity. The ﬁrst micromechanics-based constitutive model
for porous ideally plastic materials accounting for arbitrary values
of the porosity was proposed by Gurson (1977). This model, which
is exact for the special case of isotropic microstructures subjected
to purely hydrostatic loading, was proposed as an approximation1 The stress triaxiality Xr is deﬁned in the standard way as the ratio of the
hydrostatic stress over the von Misses equivalent stress.for more general loading conditions and microstructures. Never-
theless, numerous studies (see, e.g., the review article by Tverg-
aard, 1990) have demonstrated the success of the Gurson model
in predicting key aspects of the macroscopic response and ductile
fracture of metals at moderate and large stress triaxialities
(1 < Xr < 1), including the monotonic reduction of the material
ductility with increasing Xr. On the other hand, the predictions
produced by the Gurson model at small stress triaxialities
(0 < Xr < 1) have been found to be inaccurate. This shortcoming
can be linked to the fact that the Gurson model neglects the effect
of pore shape changes, which are expected to be signiﬁcant at
small stress triaxialities and to induce macroscopic anisotropy.
Over the past three decades, there have been several attempts
to improve and generalize the Gurson model. Efforts aiming specif-
ically to incorporate void shape effects were initiated by Gologanu
et al. (1993, 1994) and progressively generalized and improved by
Gologanu et al. (1997), Ga˘ra˘jeu et al. (2000) and Madou and
Leblond (2012a). Heuristic modiﬁcations include recent work to
account for ductile failure of metals at small stress triaxialities
(Nahshon and Hutchinson, 2008). In particular, Xue et al. (2013)
have used the model of Nahshon and Hutchinson (2008) to
successfully model the experimental results of Faleskog and
Barsoum (2013). A more complete account of the Gurson-type
constitutive models can be found in the review articles by
Tvergaard (1990) and Benzerga and Leblond (2010).
Alternative models for porous viscoplastic materials (with ﬁxed
microstructures) were proposed by Ponte Castañeda (1991), Willis
(1991) and Michel and Suquet (1992), making use of various non-
linear homogenization methods (see Ponte Castañeda and Suquet,
1998 for more details). Shortly thereafter, Ponte Castañeda and
Zaidman (1994) made use of the ‘‘variational’’ homogenization
method (Ponte Castañeda, 1991) based on the notion of an
optimally selected linear comparison composite (LCC), together
with the bounds of Willis (1977) for linear-elastic composites, to
advance constitutive models for porous viscoplastic solids
accounting for the evolution of the microstructure (i.e., porosity
and average void shape) under ﬁnite-strain loading conditions.
This model has been generalized to account for void-distribution
effects (Kailasam et al., 1997), void rotations under general non-
aligned loadings (Kailasam and Ponte Castañeda, 1997), as well
as strain-hardening and elasticity for the matrix phase (Kailasam
et al., 2000; Aravas and Ponte Castañeda, 2004). The numerical
implementation of these models in general purpose ﬁnite-element
codes (e.g., ABAQUS) was considered by Aravas and Ponte Castañ-
eda (2004), building on an earlier implementation of the Gurson
model by Aravas (1987). The predictions generated by these varia-
tional models have been found to be quite good for deviatoric load-
ings, where void shape changes become important, but they
become progressively less accurate with increasing triaxiality,
especially for low porosities and high material nonlinearities.
In an effort to resolve the limitations associated with the varia-
tional linear comparison model, Danas and Ponte Castañeda
(2009a,b) proposed an improved constitutive model for porous
materials with evolving microstructures. The model was derived
by making use of the more sophisticated ‘‘second-order’’ LCC pro-
cedure of Ponte Castañeda (2002), together with an ad hoc interpo-
lation/extrapolation scheme, enforcing the exact agreement of the
second-order model with the Gurson model for the special case of
spherical/cylindrical voids subjected to purely hydrostatic load-
ings. The second-order model was found to deliver fairly accurate
results for the macroscopic response in several comparison with
FEM and other exact results. In addition, the model was found to
predict the development of shear localization instabilities due to
void collapse at small stress triaxialities (Danas and Ponte
Castañeda, 2012). In this context, it should be remarked that Danas
and Aravas (2012) have also proposed a heuristic modiﬁcation of
Fig. 1. Schematic of the ‘‘ellipsoidal’’ microstructure in the composite material
under consideration; aligned, ellipsoidal voids (solid lines) distributed with a
different ellipsoidal symmetry (dotted lines) in a matrix material.
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which was further implemented by these authors into the
commercial ﬁnite element code ABAQUS. Finally, a hybrid model
combining Gurson-type results (Madou and Leblond, 2012a) for
pressure-dominated loadings and corresponding variational
estimates from the work of Ponte Castañeda and Zaidman (1994)
for shear-dominated loadings has also been proposed recently by
Madou and Leblond (2012b) for general ellipsoidal void shapes.
This model has been recently extended by Madou and Leblond
(2013), Madou et al. (2013) to account for microstructure
evolution.
In spite of the remarkable progress made in the works men-
tioned in the previous paragraph, one signiﬁcant limitation is the
fact that they involve ad hoc combinations of the (somewhat
inconsistent) Gurson and linear comparison homogenization ap-
proaches. For this reason, in this work we will pursue an alter-
native approach that is based entirely on the linear comparison
homogenization procedure—albeit used in a novel incremental
fashion (Ponte Castañeda, 2012), which allows the properties in
the matrix phase of the porous LCC to be non-uniform—and lead-
ing to results that are in complete agreement with the predic-
tions of the Gurson approach for high triaxialities. Building on
the work of Ponte Castañeda (2012), Agoras and Ponte Castañeda
(2013) have developed an incremental method for generating
constitutive models for porous viscoplastic materials consisting
of random ‘‘ellipsoidal’’ distributions of ellipsoidal voids, where
the shape and orientation of the voids may be different from
that of their distribution. The method makes use of the work
of Agoras and Ponte Castañeda (2011) to provide estimates for
a ﬁnite number N of iterations of the macroscopic viscoplastic
stress potential for porous materials with given, ﬁxed micro-
structure. When the number of iterations is N ¼ 1, the method
recovers exactly the predictions of the earlier variational linear
comparison method (Ponte Castañeda, 1991), and leads to pro-
gressively more accurate estimates as the number of iterations
N is increased, especially for high triaxialities. In the limit as
N !1 the iterated estimates of Agoras and Ponte Castañeda
(2013) recover identically those of Ponte Castañeda (2012), when
the shape of the pores and the distribution are identical, and
therefore they also recover the well-known exact result for
purely hydrostatic loadings of the composite-sphere assem-
blage (Leblond et al., 1994) and the inﬁnite-rank sequentially
laminated microstructures (Idiart, 2007). In practice, however,
it can be shown that a small number of iterations (N ’ 5—10)
is sufﬁcient to generate accurate results, which implies
that the new iterated estimates are also relatively easy to
compute.
In the present work, we propose to extend the iterated varia-
tional procedure of Agoras and Ponte Castañeda (2013) to account
for the evolution of the microstructure under general triaxial, ﬁ-
nite-strain loading conditions. This will be accomplished following
similar developments in the context of the earlier variational pro-
cedure by Ponte Castañeda and Zaidman (1994) (see also Aravas
and Ponte Castañeda, 2004), which make use of consistent homog-
enization estimates for the average strain-rate in the porous phase
to generate evolution equations for the porosity and average shape
of the pores. To highlight the signiﬁcant effect of the pore shape, a
few results are shown for the effective gauge surfaces of porous
viscoplastic materials with various values of the pore aspect ratios.
Then, the model is used to investigate the effect of the strain triax-
iality on the macroscopic response and possible development of
shear band instabilities in rigid-plastic porous materials with
power-law strain hardening, subjected to bi-axial straining (i.e.,
under plane strain loading conditions). In this connection, we will
focus on the effects of the evolution of the internal variables—
including the strain hardening of the matrix, the evolution of theporosity and that of the pore shape—on the anisotropic response
and failure of the porous material.
2. Background and formulation
In this work, we focus our attention on a class of porous mate-
rials with randommicrostructures (see Fig. 1) consisting of aligned,
ellipsoidal voids that are distributed randomly in the surrounding
matrix material with two-point probability functions for the pore
centers characterized by ‘‘ellipsoidal symmetry.’’ This type of par-
ticulate microstructure was introduced by Ponte Castañeda and
Willis (1995) and will be referred to here as PCW. In general, the
shape and orientation of the pores may be chosen to be different
from the shape and orientation of their distribution. Thus, the class
of porous microstructures under consideration may be completely
characterized by the set of microstructural variables
s  f ;wðpÞ1 ;wðpÞ2 ;nðpÞ1 ;nðpÞ2 ;nðpÞ3 ;wðdÞ1 ;wðdÞ2 ;nðdÞ1 ;nðdÞ2 ;nðdÞ3
n o
; ð1Þ
where f ¼ Xð2Þ=X is the volume fraction of the voids (porosity),
wðpÞa ¼ aðpÞ3 =aðpÞa (a ¼ 1;2) and nðpÞi (i ¼ 1;2;3) are respectively the as-
pect ratios and principal directions of the ellipsoid describing the
average shape and orientation of the pores, while wðdÞa ¼ aðdÞ3 =aðdÞa
and nðdÞi are the corresponding variables for the ellipsoid describing
the average shape and orientation of the two-point correlation
functions for the void distribution. It is emphasized that the micro-
structural variables (1) are subject to the geometric constraint that
the pore ellipsoid must not overlap the distributional ellipsoid (Pon-
te Castañeda and Willis, 1995), which places a restriction on the
largest porosity that may be handled by the model.
The matrix material is taken to be isotropic and incompressible,
deﬁned by a viscoplastic constitutive relation of the form
D ¼ @u
@r
ðrÞ; uðrÞ  wðreÞ; re ¼ 32rd  rd
 1=2
; ð2Þ
where D denotes the Eulerian strain-rate tensor, r is the Cauchy
stress tensor, rd is the deviatoric part of r and re is the equivalent
stress. The class of stress potentials uðrÞ considered in (2)2 includes
as a special case the standard power-law relation
wðreÞ ¼ yrynþ 1
re
ry
 nþ1
; ð3Þ
where y and ry are respectively reference strain-rate and stress
measures, and n is the nonlinearity exponent (the inverse of the
strain-rate sensitivity, m ¼ 1=n). Recall that the limiting cases
n!1 and n! 1 in (3) are of special interest, since they describe
ideally plastic and linearly viscous behavior, respectively. Recall
also that in the ideally plastic limit n!1 the quantity ry corre-
sponds to the yield stress of the material under uniaxial tension.
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convex, it is known (see, e.g., Ponte Castañeda and Suquet, 1998)
that the instantaneous effective response of the viscoplastic porous
composite is given by
D ¼ @eu
@r
ðrÞ; ð4Þ
where D  hDi is the average of the Eulerian strain-rate tensor ﬁeld
over the volume X of the material, r  hri stands for the corre-
sponding average of the stress tensor ﬁeld and eu is the effective
stress potential of the porous composite, to be determined further
below as a function of r for any given microstructural conﬁguration
deﬁned by (1).
The notions of the ‘‘gauge surface’’ and ‘‘gauge function’’
(Leblond et al., 1994), deﬁned next, generalize the corresponding
ideas of the ‘‘yield surface’’ and ‘‘yield function’’ from standard
plasticity to power-law viscoplasticity. From the fact that the
power-law relation (3) is a positively homogeneous function of
degree nþ 1 in the local stress r, it is known that the effective
potential euðrÞ of porous materials with a matrix phase deﬁned
by (3) is a positively homogeneous function of degree nþ 1 in
the applied stress r. This fact allows expressing euðrÞ in the form
~uðrÞ ¼ yry
nþ 1
eCnðrÞ
ry
 !nþ1
; ð5Þ
where eCnðrÞ is the gauge factor and the subscript on eCn is used to
emphasize its dependence on the nonlinearity exponent n. Note
that eCnðrÞ is a positively homogeneous function of degree 1 in r
and, therefore, the normalized stress tensor RðrÞ ¼ r=eCnðrÞ is
homogeneous of degree 0 in r. It follows from (5), along with the
fact that eCn is a homogeneous function of degree 1 in r, that the
set of tensors RðrÞ deﬁnes the iso-potential surface
S ¼ R; ~uðRÞ ¼ yðnþ 1Þrny
( )
; ð6Þ
called the gauge surface, which may be alternatively determined
from the equationeCnðRÞ  1 ¼ 0: ð7Þ
In the limit n!1, expression (5) implies that ~u is zero ifeC1ðrÞ 6 ry and inﬁnity if eC1ðrÞ > ry. Therefore, the effective yield
surface of an ideally plastic porous material is deﬁned by the equa-
tion eC1ðrÞ ¼ ry, which for consistency with earlier work (see, e.g.,
Ponte Castañeda, 1991; Aravas and Ponte Castañeda, 2004) is ex-
pressed here aseU rð Þ  eC21ðrÞ  r2y ¼ 0; ð8Þ
where eU is the associated effective yield function. It is emphasized
that the function eU in (8) depends not only on the applied stress
r but also on the set s of microstructural variables, deﬁned by (1).
Consequently, in what follows, we write eUðr; sÞ, instead of simplyeUðrÞ or just eU, whenever the dependence on s needs to be stressed.
The plastic ﬂow rule associated with the yield function eU is gi-
ven by
D ¼ _kN; N  @
eU
@r
ðrÞ; ð9Þ
where N is the normal to the yield surface (8) and _k is the plastic
multiplier, determined by the consistency condition, to be dis-
cussed in Section 4.3.
In summary, the instantaneous effective response of the porous
materials of interest in this work, including the case of an ideally
plastic matrix, may be completely determined in terms of the asso-
ciated effective stress potential eu. However, given the nonlinearityof the matrix and the complexity of the microstructure and its evo-
lution, the determination of the exact value of eu is practically
impossible, in general. In this work we propose the computation
of eu by means of the recently developed ‘‘iterated variational linear
comparison estimate’’ of Agoras and Ponte Castañeda (2013), re-
ferred to for brevity as IVE. We remark that the IVE builds on the
earlier ‘‘variational linear comparison estimate’’ (VE) of Ponte
Castañeda (1991). For completeness, the main features of the VE
and IVE are recalled in the following section.
3. Viscoplastic effective response
3.1. Variational estimates
The variational procedure of Ponte Castañeda (1991) delivers
bounds and estimates for the effective behavior of nonlinear com-
posite materials by means of a ‘‘linear comparison composite’’
(LCC) with uniform matrix phase and precisely the same micro-
structure as the nonlinear composite of interest. The optimality
conditions in the variational method then lead to the selection of
the secant modulus of the nonlinear matrix phase, evaluated at
the second moment of the equivalent stress in the matrix, as deter-
mined in a self-consistent fashion from the effective behavior of
the LCC.
In particular, for the class of viscoplastic porous composites de-
ﬁned in the previous section, considering a porous LCC with isotro-
pic and incompressible matrix phase, characterized by a uniform
shear modulus lð1Þ, and making use of the lower bound of Ponte
Castañeda and Willis (1995) to estimate the effective properties
of the LCC, the variational procedure yields the following estimate
(Kailasam et al., 1997) for the effective potential eu in (4)
euVEðrÞ ¼ ð1 f Þw rð1Þ ; ð10Þ
where
rð1Þ ¼ hr2e ið1Þ
 1=2
; hr2e ið1Þ ¼
3
2ð1 f Þr  Kþ f
bQðpÞ  f bQðdÞ 1 r:
ð11Þ
In the above expression, hr2e ið1Þ denotes the second moment of the
equivalent-stress ﬁeld over the matrix phase, K is the fourth-order
projection tensor in the deviatoric space, while bQðpÞ ¼ bQðwðpÞa ;nðpÞi Þ
and bQðdÞ ¼ bQðwðdÞa ;nðdÞi Þ are fourth-order microstructural tensors,
accounting respectively for the shape and orientation of the pores
and of their distribution. Explicit expressions for the computation
of the function Q ¼ 2lð1Þ bQ can be found, for example, in Appendix
A of Aravas and Ponte Castañeda (2004). Less general versions of
this estimate have been given by Ponte Castañeda (1991), Willis
(1991), Suquet (1992) and Ponte Castañeda and Zaidman (1994).
In the sequel, expression (10) will be referred to as the ‘‘variational
estimate’’ or simply VE.
As originally suggested by Ponte Castañeda and Zaidman
(1994), and shown rigorously by Idiart and Ponte Castañeda
(2007), the variational procedure of Ponte Castañeda (1991) can
also be used to generate consistent estimates for the phase aver-
ages (and higher moments) of the strain-rate ﬁeld, which are use-
ful in establishing additional constitutive equations for the
evolution of the microstructure under ﬁnite-strain loadings. For
the purpose of this work, we recall that the variational estimate
for the average strain-rate tensor in the pores is given by
Dð2Þ ¼ Að2ÞD; ð12Þ
with
Að2Þ ¼ f IþK bQðpÞ  f bQðdÞ h i1 ð13Þ
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important to remark that the estimate (12), with (13), depends on
the microstructure, but not on the properties of the matrix phase.
In particular, it holds for both linear and nonlinear response of
the matrix phase. However, this is a very special result (for this par-
ticular case involving a uniform, isotropic, incompressible matrix
phase), since in general the strain-rate in the pores is expected to
depend on the properties on the matrix phase, and especially on
the nonlinearity.
The variational estimate (10) has several advantages (see, e.g.,
Ponte Castañeda, 1991), including the fact that expression (10) is
actually a lower bound for the effective stress potential ~u of the por-
ous material. In general, the VE (10) delivers fairly accurate results.
However, for small porosities, high stress triaxialities and strong
nonlinearities, corresponding to situations of great practical inter-
est, the predictions of the VE (10) become progressively less accu-
rate. This shortcoming is due to the assumption involved in the
derivation of (10) that the properties of the matrix phase in the
porous LCC are uniform. In fact, it is known from the work of Ponte
Castañeda (1992) that it is possible, at least in principle, to gener-
ate improved estimates by assuming the properties of the matrix
phase in the LCC to be non-uniform.
3.2. Iterated variational estimates
As already mentioned, Agoras and Ponte Castañeda (2013) have
recently proposed an iterative procedure for porous viscoplastic
materials with ‘‘ellipsoidal’’ distributions of ellipsoidal pores, as
deﬁned by the microstructural variables s in Eq. (1). This procedure
has the advantage of allowing the use of a non-uniform matrix
phase for the porous LCC in the context of the variational proce-
dure and, for this reason, generates improved estimates. The key
idea (see Fig. 2 and associated discussion in Agoras and Ponte
Castañeda, 2013) in the context of this approach is to construct a
‘‘self-similar,’’ iterative porous microstructure, starting with a
porosity cð2Þ½1 > f in the ﬁrst iteration (i ¼ 1) and adding a ‘‘small’’
amount of matrix at each subsequent iteration i ¼ 2; . . . ;N up to
the ﬁnal, N-level composite where the porosity reaches the value
f of interest, i.e.,
f ¼
YN
i¼1
cð2Þ½i ; ð14Þ
where cð2Þ½i denotes the volume fraction of the ‘‘composite-inclusion’’
phase in the i-level composite. The term ‘‘self-similar’’ refers here to
the fact that the distribution and pore shapes (which are different,
in general) in the ﬁrst iteration must be chosen to be identical to the
corresponding shapes of the porous material deﬁned in Section 2
(Fig. 1), while the distribution and composite-inclusion shapes at
each subsequent level i ¼ 2; . . . ;N must be taken to be identical to
each other and also identical to the distribution shape of the pores
for i ¼ 1. It can be shown (Agoras and Ponte Castañeda, 2013) that
this prescription for the N-level porous composite corresponds to an
‘‘ellipsoidal’’ distribution of ellipsoidal voids of generally different
shape and is characterized by the same set (1) of microstructural
variables as the porous medium of interest. In other words, by con-
struction, the N-level composite is a member of the class of random
porous materials deﬁned in Section 2.
In turn, an estimate for the effective behavior of the viscoplastic
porous medium of interest in this work may be obtained by
homogenizing the N-level composite in the above construction.
The latter problem may be treated by means of iterated homogeni-
zation in combination with the variational method of Ponte
Castañeda (1991), as detailed by Agoras and Ponte Castañeda
(2013). This iterative procedure involves, at each stage
i ¼ 1; . . . ;N, an LCC with identical microstructure to thecorresponding i-level nonlinear composite and with an incom-
pressible and isotropic matrix phase, characterized by the shear
modulus lð1Þ½i . Thus, instead of the uniform modulus lð1Þ used in
the context of the variational estimate (10), a non-uniform distribu-
tion of shear moduli lð1Þ½i (i ¼ 1; . . . ;N) is used in the matrix phase of
the LCC in the present formulation.
The optimal values of the moduli lð1Þ½i , as determined by applica-
tion of the nonlinear variational procedure, are given by the secant
relations
1
lð1Þ½i
¼
3w0 rð1Þ½i
 
rð1Þ½i
; i ¼ 1; . . . ;N; ð15Þ
where
rð1Þ½i ¼ hr2e ið1Þ½i
 1=2
; i ¼ 1; . . . ;N; ð16Þ
denotes the second moment of the equivalent stress ﬁeld over the
ith level discretization of the matrix phase in the LCC. The quantities
hr2e ið1Þ½i are determined in this work by means of the PCW estimates
(55), given in the Appendix, and found to be functions
F ½iðq½2; . . . ;q½NÞ of the normalized shear moduli
q½j 
lð1Þ½j
lð1Þ½1
¼
rð1Þ½j
rð1Þ½1
w0 rð1Þ½1
 
w0 rð1Þ½j
  ; j ¼ 2; . . . ;N; ð17Þ
where use has been made of the secant relations (15). Thus, for any
given microstructural conﬁguration (1) and applied stress r, the
second moment variables rð1Þ½i are obtained from the solution of
the system of algebraic equations
rð1Þ½i ¼ F ½i q½2 rð1Þ½1 ;rð1Þ½2
 
; . . . ;q½N r
ð1Þ
½1 ;r
ð1Þ
½N
  h i1=2
; i ¼ 1; . . . ;N;
ð18Þ
where the functions F ½iðq½2; . . . ;q½NÞ are given by (55), while the
functions q½j r
ð1Þ
½1 ;r
ð1Þ
½j
 
, with j ¼ 2; . . . ;N, are given by (17).
We note for later reference that when the matrix phase of the
nonlinear porous medium is of the power-law type (3), the rela-
tions (17) simplify to
q½j ¼
rð1Þ½j
rð1Þ½1
 !1n
; j ¼ 2; . . . ;N: ð19Þ
In addition, for the special case of a porous material consisting of an
isotropic distribution of spherical pores (wðpÞa ¼ wðdÞa ¼ 1;a ¼ 1;2) in
a power-law matrix and subjected to purely hydrostatic loading
r ¼ rmI, with rm ¼ trr=3 and I being the second-order identity ten-
sor, equations (18) admit the following closed-form solution
rð1Þ½i ¼
3
2
ﬃﬃﬃﬃﬃﬃﬃ
cð2Þ½i
q Qi1
k¼1c
ð2Þ
½k
 1
n
PN
j¼1
1cð2Þ½jﬃﬃﬃﬃﬃ
cð2Þ½j
q ﬃﬃﬃﬃﬃﬃﬃcð2Þ½jq Qj1k¼1cð2Þ½k 1n jrmj; i ¼ 1; . . . ;N; ð20Þ
and
q½j ¼
ﬃﬃﬃﬃﬃﬃﬃ
cð2Þ½j
cð2Þ½1
vuut Yj1
k¼1
cð2Þ½k
0@ 1A
1n
n
; j ¼ 2; . . . ;N: ð21Þ
For more general microstructures and loading conditions, the non-
linear system of equations (18) must be solved numerically, e.g., by
using the Newton–Raphson method, in which case the values given
by (20) and (21) may be used as initial guesses.
Based on the above results, the estimate delivered by the
nonlinear iterative variational procedure of Agoras and Ponte
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plastic porous material of interest is given by
euIVEðrÞ ¼XN
i¼1
1 cð2Þ½i
  YN
j¼iþ1
cð2Þ½j
 !
w rð1Þ½i ðrÞ
 
; ð22Þ
where the second moment variables rð1Þ½i ðrÞ are obtained from the
solution of Eqs. (18), as discussed above. It can be easily shown that
for N ¼ 1 iterations the estimate (22) reduces to the earlier VE esti-
mate (10), as it should. Therefore, expression (22) will be referred to
as the ‘‘iterated variational estimate’’ or IVE for short.
For the special class of porous materials with a power-law (3)
matrix, the effective gauge surface associated with the IVE (22) is
deﬁned by Eq. (7), where the gauge factor is given by
eCIVEn ðRÞ ¼ XN
i¼1
ð1 cð2Þ½i Þ
YN
j¼iþ1
cð2Þ½j
 !
rð1Þ½i ðRÞ
 nþ1" # 1nþ1
: ð23Þ
Recall that the second moment variables rð1Þ½i ðRÞ are obtained from
the solution of the nonlinear system of equations (18), with F ½i
given by (55) and q½j given by (19). The limit as n!1 of (23) is
considered separately in Section 4.
It is also recalled here that the effective instantaneous
constitutive relation (4) associated with the IVE (22) has been
shown (Agoras and Ponte Castañeda, 2013) to be given by
D ¼ @euIVE
@r
ðrÞ ¼ eSPCW lð1Þ½i r; ð24Þ
where eSPCWðlð1Þ½i Þ  eSPCW½N lð1Þ½i , with i ¼ 1; . . . ;N, is the PCW
estimate for the effective compliance tensor of the N-level LCC, as
given by (53). The moduli lð1Þ½i in expression (53) are obtained from
the secant relations (15), once rð1Þ½i have been determined from (18).
Quite remarkably, the result (24) states that the constitutive
relation of the nonlinear porous material may be determined
directly in terms of the effective constitutive relation for the N-level
LCC. It is important to emphasize, however, that due to the
dependence of lð1Þ½i on r the constitutive relation (24) is nonlinear.
For later reference, it is convenient to also record at this point
the following expression for the derivative of the IVE (22) with
respect to r:
@~uIVE
@r
¼ 1
3lð1Þ½1
f
1 cð2Þ½1
cð2Þ½1
rð1Þ½1
@rð1Þ½1
@r
þ
XN
i¼2
1 cð2Þ½i
  YN
j¼iþ1
cð2Þ½j
 !
1
q½i
rð1Þ½i
@rð1Þ½i
@r
" #
;
ð25Þ
where use has been made of relations (15) and (17), as well as
expression (14) for the total porosity f. Note also that, combining
(24) and (25), we obtain the identity
f
1 cð2Þ½1
cð2Þ½1
2rð1Þ½1
@rð1Þ½1
@r
þ
XN
i¼2
1 cð2Þ½i
  YN
j¼iþ1
cð2Þ½j
 !
1
q½i
2rð1Þ½i
@rð1Þ½i
@r
¼ 3bSPCWðq½jÞr; ð26Þ
where the normalized tensor bSPCWðq½jÞ  bSPCWN ðq½jÞ  2lð1Þ½1 eSPCW½N is
given explicitly by expression (54) as a function of the shear moduli
ratios q½j. As detailed in Section 4, the result (26) proves particularly
useful in determining the IVE for the plastic ﬂow rule (9) of porous
materials with an ideally plastic matrix.
We conclude the present discussion on the IVE by recalling the
following observations from the work of Agoras and Ponte
Castañeda (2013). Just as for the VE (10), the IVE (22) can be shown
to be a lower bound for the effective stress potential of the
nonlinear porous material (at least for the subclass of iterated
microstructures). In general, the new bound (22) is at least as sharp
as the earlier bound (10). For small porosities and large stress
triaxialities the IVE (22) improves signiﬁcantly over the VE (10).In particular, as already mentioned, the IVE (22) reduces to the
VE (10) for N ¼ 1, as it should. For N > 1, the IVE can be shown
to improve monotonically with increasing number of iterations
N. In the limit as N !1, and when the distributional ellipsoid is
taken to be identical with the pore ellipsoid, the IVE converges to
the corresponding bound of Ponte Castañeda (2012), which is the
best possible bound that may be obtained by means of the iterative
variational procedure. The speciﬁc values used for the composite-
particle concentrations cð2Þ½i are expected to (slightly) affect the rate
of convergence of the IVE (22), but not its accuracy. Therefore, for
the special case of interest in Section 5 that the distributional ellip-
soid coincides with the pore ellipsoid, we propose the prescription
cð2Þ½i ¼ f 1=N for each i ¼ 1; . . . ;N, which is the simplest possible
choice for these variables. In addition, the convergence of the IVE
with increasing N is very fast, which in turn allows the computa-
tion of accurate results with a relatively small number of iterations.
In practice, sufﬁciently accurate results may be obtained for
N  10. It should also be remarked that for the special case of a
material consisting of spherical pores distributed isotropically in
the matrix and subjected to purely hydrostatic loading, the IVE
recovers the corresponding well-known (exact) solution for the
composite sphere assemblage (Leblond et al., 1994) and the inﬁ-
nite-rank sequentially laminated microstructure (Idiart, 2008).
For more general microstructures and loadings, based on compar-
isons with corresponding numerical simulations for ‘‘confocal
ellipsoidal shells’’ (Madou and Leblond, 2012b) and other models,
the IVE (22) has been found to deliver very accurate predictions
for the instantaneous effective response of such viscoplastic porous
composites.
3.3. Microstructure evolution
Next, complementing the IVE results of the previous subsection
for the instantaneous effective behavior of viscoplastic porous
composites, we provide additional constitutive equations for the
evolution of the internal variables (1), which are required for the
complete characterization of the macroscopic response under ﬁ-
nite-strain loading conditions.
Taking into account the incompressibility of the matrix, it is
well-known (Gurson, 1977) that the evolution of the porosity f is
governed by
_f ¼ ð1 f ÞDkk; ð27Þ
where we recall the D denotes the average or macroscopic strain-
rate.
On the other hand, the shape and orientation of the individual
pores, as well as their distribution, in porous composites are ex-
pected to evolve in a complicated fashion, depending on the local
deformation ﬁeld, which is essentially impossible to determine ex-
actly. However, in the context of a homogenization approach, it is
sufﬁcient to describe the evolution of the microstructure on aver-
age. In particular, following earlier work (Ponte Castañeda and
Zaidman, 1994; Kailasam et al., 1997), it is assumed that the evo-
lution of the average pore shape is governed by the void-average
strain-rate tensor Dð2Þ, while the evolution of the distribution
shape is determined by the applied strain-rate tensor D. Thus,
the evolution of the aspect ratios wðpÞa of the voids is determined by
_wðpÞa ¼ wðpÞa nðpÞ3  nðpÞ3  nðpÞa  nðpÞa
 
Að2ÞD; a ¼ 1;2; ð28Þ
where use has been made of the expression Dð2Þ ¼ Að2ÞD, with the
strain-rate concentration tensor Að2Þ given by the IVE (57), along
with (58). Similarly, the evolution of the aspect ratios wðdÞa for the
shape of the pore-center distribution is given by
_wðdÞa ¼ wðdÞa nðdÞ3  nðdÞ3  nðdÞa  nðdÞa
 
 D; a ¼ 1;2: ð29Þ
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evolution of the distribution shape coincides with that of the pore
shape, so that the aspect ratios wðdÞa  wðpÞa are determined by the
evolution laws (28), instead of (29). This simplifying assumption
will also be employed for the speciﬁc application of Section 5.2 in
the present work. It should be emphasized, however, that different
evolution laws may in principle be considered for the distributional
and pore ellipsoids in the context of the IVE model. Such a consid-
eration could prove particularly helpful in distinguishing the effects
due to pore shape changes from those due to the evolution of the
distribution, and will be pursued in future work.
Similarly, evolution laws may also be established for the orien-
tation vectors nðpÞi and n
ðdÞ
i (see, e.g., Aravas and Ponte Castañeda,
2004), by assuming that the average rotation of the pores and that
of the pore-center distribution are governed by the void-average
and macroscopic spin tensors, respectively. For brevity, results
for spin tensors have not been included here, since in this work
we restrict our considerations to microstructural conﬁgurations
that remain aligned with the principal loading axes, such that
_nðpÞi ¼ _nðdÞi ¼ 0.
4. The special case of an ideally plastic matrix
In this section, we take the limit asm ¼ 1=n! 0 of the estimate
(23) for the gauge factor eCIVEn and obtain corresponding estimates
for the effective yield criterion (8) and plastic ﬂow rule (9) for por-
ous materials with a rigid plastic matrix. To this end, we ﬁrst com-
pute the limit as m! 0 of the second moment variables rð1Þ½i .
4.1. Determination of the unknowns
Recall that, for general values of the strain-rate sensitivity m,
the unknown variables rð1Þ½i (i ¼ 1; . . . ;N) are determined from the
system of Eqs. (18), whereas the associated shear moduli ratios
q½j (j ¼ 2; . . . ;N) are given by (19). Numerical results concerning
the behavior of q½j for small values of m suggest that
lim
m!0
q½j ¼ r½j – 0;1; j ¼ 2; . . . ;N; ð30Þ
where the r½j are unknown quantities, depending on the micro-
structural conﬁguration (1) and on the applied stress r. Due to
the above result that the limit of q½j as m! 0 is nonzero and ﬁnite
for all j ¼ 2; . . . ;N, expressions (19) imply that in the limit as m! 0
we must have rð1Þ½j ¼ rð1Þ½1 for all j ¼ 2; . . . ;N or, equivalently,
lim
m!0
rð1Þ½i ¼ rð1Þe 8 i ¼ 1; . . . ;N: ð31Þ
where rð1Þe is an additional unknown variable, depending on the
microstructural variables (1) and on r. Since rð1Þ½i ¼ rð1Þ½1 for all
i ¼ 1; . . . ;N in the limit as m! 0, it follows that the variable
rð1Þe is the square root of the second moment of the equivalent
stress ﬁeld over the matrix phase of the ideally plastic porous
material.
Making use of expressions (30) and (31), it may be readily
shown that in the limit as m! 0 equations (18) reduce to
rð1Þe ¼ F ½i r½2; . . . ; r½N
	 
 1=2
; i ¼ 1; . . . ;N; ð32Þ
where we recall that the functions F ½iðr½2; . . . ; r½NÞ are deﬁned by
(55). Hence, for any given set of microstructural parameters (1)
and prescribed stress r, the above expressions (32) constitute a sys-
tem of N nonlinear equations that completely determines the N un-
knowns designated by rð1Þe and r½j (j ¼ 2; . . . ;N). For the special case
of an isotropic distribution of spherical pores and for purely hydro-
static loading r ¼ rmI, with rm ¼ trr=3 and I being the second-or-
der identity tensor, the solution to the Eqs. (32) can be shown to be
given byrð1Þe ¼
3
2
XN
j¼1
1 cð2Þ½jﬃﬃﬃﬃﬃﬃﬃ
cð2Þ½j
q
0B@
1CA
1
jrmj; r½i ¼
ﬃﬃﬃﬃﬃﬃﬃ
cð2Þ½i
cð2Þ½1
vuut Yi1
k¼1
cð2Þ½k
0@ 1A1; i¼ 2; . . . ;N:
ð33Þ
Note that, the above result may be obtained directly by taking the
limit of expressions (20) and (21) as m ¼ 1=n! 0.
4.2. Yield criterion
Keeping in mind the requirement (31), it is easily shown thateCIVEn ðRÞ ! rð1Þ½i in the limit as n!1. Then, making use of the esti-
mate (23) in equation (8) and taking the limit as m! 0, it can be
shown that
eUIVEðrÞ ¼ rð1Þe ðrÞ 2  r2y ¼ 0; ð34Þ
where eUIVE denotes the IVE for the effective yield surface of the
porous material. We recall that, for any given microstructural
conﬁguration (1), the determination of the variable rð1Þe in (34)
as a function of r requires the solution of the system of equa-
tions (32). Note that, the yield criterion (34) admits the follow-
ing interpretation: macroscopic plastic yielding of a porous
material takes place when the second moment of the von Mises
equivalent stress ﬁeld over the matrix phase reaches the square of
the critical yield stress ry of the matrix. The same interpretation
holds also for the yield criterion associated with the earlier VE
(10).
Given that the quantity ry in the yield criterion (34) character-
izes the yield stress in tension of an isotropic ideally plastic mate-
rial, under ﬁnite-strain loading conditions, isotropic strain
hardening of the matrix phase may be easily taken into account,
e.g., by assuming that ry is a function ryðepMÞ of the accumulated
plastic strain epM in the matrix. A speciﬁc expression for the func-
tion ryðepMÞ that is commonly used in the literature (e.g., Tvergaard,
1990) is the following power-law relation
ry epM
	 
 ¼ r0 1þ epMe0
 M
; ð35Þ
where r0 denotes the initial yield stress, M is the strain hardening
exponent and e0 is a reference yield strain of the matrix. The re-
quired evolution law for the accumulated plastic strain epM in the
matrix is given by
_epM ¼ _k
r N
ð1 f Þry ; ð36Þ
which is obtained from the condition that the microscopic plastic
work ð1 f Þry _epM is equal to the macroscopic plastic work
r  D ¼ _kr N. It should be emphasized that the variable epM in
Eqs. (35) and (36) does not correspond to the average of the plastic
strain in the matrix and, instead, should be interpreted as an inter-
nal variable describing the effective plastic strain for the porous
material.
4.3. Plastic ﬂow rule
The normal N to the yield surface (34) is given by the expression
N  @
eUIVE
@r
ðrÞ ¼ 2rð1Þe
@rð1Þe
@r
; ð37Þ
where the derivative of the unknown variable rð1Þe with respect to r
may be obtained by taking the limit asm! 0 of Eq. (26) and solving
the resulting expression for the quantity in the right-hand-side of
(37). The result is given by
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c
bSPCWðr½jÞr; with c f 1 cð2Þ½1
cð2Þ½1
þ
XN
i¼2
1 cð2Þ½i
  YN
j¼iþ1
cð2Þ½j
 !
1
r½i
;
ð38Þ
where the normalized tensor bSPCWðr½jÞ  bSPCWN ðr½jÞ is given by
expression (54) in the Appendix. Note that the only unknowns
in expression (38) are the variables r½j, with j ¼ 2; . . .N, which
(along with rð1Þe ) are determined from the solution of the system
of equations (32). Hence, given that the solution of equations (32)
for the r½j is already required for the determination of the yield
criterion (34), the calculation of the normal N from (38) involves
no signiﬁcant (additional) computational cost. For the special case
of an isotropic distribution of spherical pores and for purely
hydrostatic loading r ¼ rmI, expression (38) can be shown to re-
duce to
N¼rm
cbj I; with bj¼231c
ð2Þ
½1
f
þ2
3
XN1
i¼1
1cð2Þ½Nþ1i
 
r½Nþ1i
Yi
j¼1
1
cð2Þ½Nþ1j
 !
;
ð39Þ
where c is still given by (38)2, but the variables r½j, with j ¼ 2; . . . ;N,
are given by the closed-form expressions (33)2.
As already mentioned, in this work we focus our attention on
the special case that the principal directions of the microstructure
nðpÞi ¼ nðdÞi  ni and the principal directions ei of the applied stress
coincide and are ﬁxed throughout the deformation, i.e., _ni ¼ _ei ¼ 0.
For this special case, the consistency condition associated with the
IVE (34) reduces to
_eUIVEðr; sÞ ¼ @ eUIVE
@r
 _rþ @
eUIVE
@epM
_epM þ
@ eUIVE
@f
_f þ
X2
a¼1
@ eUIVE
@wðpÞa
_wðpÞa
þ
X2
a¼1
@ eUIVE
@wðdÞa
_wðdÞa ¼ 0; ð40Þ
where the dependence of eU on the microstructural variables s, gi-
ven by (1), has been emphasized and where _epM ; _f ; _w
ðpÞ
a and _w
ðdÞ
a are
given by the associated evolution laws (36), (27), (28) and (29),
respectively. Making use of these evolution laws, the consistency
condition (40) may be rewritten in the form
N  _r _kH ¼ 0; ð41Þ
where _k is the plastic multiplier and H is the effective hardening
rate of the porous material, given by
H ¼ He þ Hf þ HwðpÞ þ HwðdÞ ; ð42Þ
with
He ¼ 2r  N1 f
dry
depM
; Hf ¼ ð1 f ÞNkk @
eUIVE
@f
;
HwðpÞ ¼ 
X2
a¼1
wðpÞa A
ð2Þ
33kl  Að2Þaakl
 
Nkl
@ eUIVE
@wðpÞa
;
HwðdÞ ¼ 
X2
a¼1
wðdÞa N33  Naað Þ
@ eUIVE
@wðdÞa
; ð43Þ
where the Að2Þijkl are the components of the strain-rate concentration
tensor Að2Þðr½2; . . . ; r½NÞ in the coordinate system deﬁned by the
microstructural vectors ni. Recall that the tensor Að2Þðr½2; . . . ; r½NÞ
is determined by expression (57), along with (58), given in the
Appendix. The effective hardening rate H, as deﬁned by the above
relation (42), along with (43), has the standard interpretation that
when H > 0 the yield surface expands locally (hardening), when
H < 0 the yield surface contracts locally (softening) and when
H ¼ 0 the yield surface remains locally unchanged (ideal plasticity).
In this regard, note that the quantities He;Hf ;HwðpÞ and HwðdÞ in (43)
represent the contributions from the strain hardening of the matrix,the evolution of the porosity and those of the pore and distribution
shape, respectively, on H. Furthermore, the consistency condition
(40), as well as expressions (41) and (42), hold also for the case that
the evolution of the distribution-shape is assumed to coincide with
that of the pore shape, except that, in this case, the evolution of the
aspect ratios wðdÞa  wðpÞa  wa in (40) is given by (28), and the sum
HwðpÞ þ HwðdÞ in (42) is replaced by
Hw ¼ 
X2
a¼1
wa A
ð2Þ
33kl  Að2Þaakl
 
Nkl
@ eUIVE
@wa
; ð44Þ
where the Að2Þijkl are the same quantities as in (43)3.
Finally, making use of the consistency condition (41), the plastic
ﬂow rule (9) may be rewritten as
D ¼ N 
_r
H
N; ð45Þ
where we recall that N is given by (38) and H is given by (42), with
(43) (and (44)).
In summary, the plastic ﬂow rule (45), together with the yield
criterion (34) and the evolution Eqs. (36) and (27)–(29), constitute
an internal variable plasticity model, referred to here as the IVE
model, for the macroscopic constitutive behavior of rigid-plastic
porous materials under loading conditions aligned with the princi-
pal axes of the microstructure. This would be the case, for example,
for triaxial loading of an initially isotropic distribution of spherical
pores. Although in this work we have neglected void rotation, as
well as the elasticity of the matrix phase, it should be remarked
that these effects may be easily incorporated, at least approxi-
mately, in the present IVE model (see, e.g., Aravas and Ponte
Castañeda, 2004). In this connection, we emphasize that both
expression (34) for the yield surface and expression (38) for the
normal N hold for completely general loadings and microstructural
conﬁgurations of the ellipsoidal type (1). In particular, for a given
microstructural conﬁguration (1), the yield surface (34) and the
normal (38) at each point are completely determined in terms of
the variables rð1Þe and r½j, with j ¼ 2; . . .N, which are in turn
obtained by solving the set of nonlinear equations (32), e.g., by
employing the Newton–Raphson method.
The macroscopic stress–strain response of the porous material
under given ﬁnite-strain loading conditions must be determined
incrementally (see, e.g., Aravas and Ponte Castañeda, 2004 for
details). The central problem in the context of such an incremental
procedure consists in the computation of the internal variables and
the instantaneous effective response of the material at the end of
each loading increment, which in turn requires the numerical
integration of the IVE model over the increment. The integration
of the IVE model may be efﬁciently performed by means of the
backward Euler integration scheme proposed by Aravas and Ponte
Castañeda (2004) for the VE model of Section 3.1, but which may
be easily adapted for the IVE model (see also Danas and Ponte
Castañeda, 2009a). In this connection, it should be remarked that
an initial guess for the instantaneous effective response of the
material at the end of the ﬁrst loading increment, which is required
to initiate the incremental procedure, is difﬁcult to ﬁnd for general
types of loading. This is due to the fact that, in general, the IVE for
the instantaneous effective behavior of the porous material is given
in terms of the set of variables rð1Þe and r½j, with j ¼ 2; . . .N, the
determination of which requires the numerical solution of the
nonlinear system of Eqs. (32). In practice, this shortcoming may
be overcome by starting with the closed-form solution (33) and
(39) for purely hydrostatic loading and then incrementing
appropriately the loading up to its actual value (at the end of the
ﬁrst increment).
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Fig. 2. (a) Gauge surfaces of a viscoplastic (m ¼ 0:1) porous material with an isotropic distribution of spherical pores are shown on the Re  Rm loading plane, with Re and Rm
deﬁned by (46). IVE results for f ¼ 1%, 5% and 10% porosity are compared with corresponding predictions by the sequential laminate model of Danas et al. (2008) for both
pure shear (LAM-PS) and axisymmetric shear (LAM-AXS) loadings. (b) Gauge surfaces of a viscoplastic (m ¼ 0:2) porous material with f ¼ 5% porosity are shown on the
axisymmetric T  Rm loading plane, deﬁned by (47). IVE results are shown for prolate spheroidal (w1 ¼ w2 ¼ 5), oblate spheroidal (w1 ¼ w2 ¼ 0:2) and generally ellipsoidal
(w1 ¼ 5;w2 ¼ 0:2) pore and distribution shapes.
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In the remaining part of this work we discuss speciﬁc applica-
tions of the ‘‘iterated variational estimate’’ (IVE) both for the
instantaneous effective behavior (Section 5.1) and for the ﬁnite-
strain macroscopic response and stability (Section 5.2) of porous
materials consisting of aligned ellipsoidal voids that are distrib-
uted with the same ellipsoidal symmetry in a power-law (3), or
rigid plastic (n!1), matrix phase. In particular, we focus on
microstructural conﬁgurations of the type (1), with
nðpÞi ¼ nðdÞi  ni (i ¼ 1;2;3) and wðpÞa ¼ wðdÞa  wa (a ¼ 1;2). Further-
more, as already mentioned, we will restrict our attention on tri-
axial loading conditions with loading axes ei aligned with the
principal axes ni of the microstructure and we will, therefore, fo-
cus on the effect of the microstructural variables ff ;w1;w2g,
where we recall that f denotes the porosity, while w1 ¼ a3=a1
and w2 ¼ a3=a2 (see Fig. 1) are the two aspect ratios of the ellip-
soid deﬁning both the shape and the distribution of the voids.
Note that in this case we assume that wa evolve with (28) and
make use of expression (44) for the contribution HwðpÞ þ HwðdÞ to
the total hardening modulus (42).2 Recall that the P-plane is deﬁned in principal stress space as the plane normal to
the hydrostatic axis r11 ¼ r22 ¼ r33 ¼ rm .5.1. Instantaneous effective response
We consider ﬁrst the simplest possible microstructure consist-
ing of an isotropic distribution of spherical pores (w1 ¼ w2 ¼ 1), for
which the IVE (23) can be shown to depend on the applied stress R
only through the isotropic invariants
Rm ¼ 13 trR and Re ¼
3
2
Rd  Rd
 1=2
; ð46Þ
where Rd is the deviatoric part of R. In other words, for this special
case, the IVE (23) is independent of the third isotropic invariant of R
(e.g., det R).
Fig. 2(a) shows the predictions of the IVE for the Re  Rm cross
section of the gauge surface for viscoplastic (m ¼ 0:1) porous mate-
rials with several values of the porosity (f ¼ 1%, 5% and 10%).
These results are compared with those of the sequential laminates
(LAMs) of Danas et al. (2008) for a large number of laminations
(M ¼ 1500) (see also Idiart, 2008). In this context, it should be re-
called that the LAM results exhibit an additional, weak dependence
on det R, and for this reason, LAM results are shown for both axi-
symmetric and pure shear loading conditions. The main observa-
tion from the plots of Fig. 2(a) is that the predictions of the IVE
are in fairly good agreement with those of the LAM model, even
if the predictions of the IVE do not capture the (small) effect ofthe determinant. In addition, we observe that the LAM results lie
within the IVE predictions for the gauge curves, consistent with
their status as upper bounds (see Ponte Castañeda, 2012).
Fig. 2(b) shows the effect of the pore shape on the instanta-
neous effective response of a viscoplastic (m ¼ 0:2) porous mate-
rial with f ¼ 5% porosity, as predicted by the IVE. More
speciﬁcally, this ﬁgure compares the IVE gauge surfaces for a pro-
late spheroidal (w1 ¼ w2 ¼ 5), an oblate spheroidal
(w1 ¼ w2 ¼ 0:2) and a general ellipsoidal (w1 ¼ 5 and w2 ¼ 0:2)
microstructure under loading conditions of the type
R ¼ RmIþ ðT=3Þ e1  e1  e2  e2 þ 2e3  e3ð Þ; ð47Þ
combining axisymmetric shear T ¼ Re and hydrostatic pressure
Rm. It is observed that the three microstructures of Fig. 2(b) induce
substantially different anisotropic behaviors, demonstrating that
the pore shape has a signiﬁcant effect on the macroscopic response
of porous materials. In particular, note the signiﬁcant differences—
even in sign—in the slopes of the normals to the gauge surfaces
along the purely deviatoric and hydrostatic axes.
Fig. 3 shows plots of the effect of the applied loading, as well as
the effect of the pore shape, on the instantaneous effective re-
sponse of an ideally plastic (m ¼ 0) porous material with f ¼ 1%
porosity, as predicted by the IVE. In particular, this ﬁgure shows
P-plane2 cross-sections of the same yield surface at different values
of the applied hydrostatic stress rm for (a) oblate spheroidal
(w1 ¼ w2 ¼ 0:2), (b) prolate spheroidal (w1 ¼ w2 ¼ 5) and (c) general
ellipsoidal (w1 ¼ 5 and w2 ¼ 2) microstructures. The notation rHm is
used for the hydrostatic yield stress of a given microstructure. For
comparison, this ﬁgure includes also IVE results for an isotropic
(w1 ¼ w2 ¼ 1) porous material. We observe that the yield surfaces
for the anisotropic microstructures are substantially different from
those for the isotropic medium, especially at large values of rm, sug-
gesting once again that the pore shape has a signiﬁcant effect on the
effective properties of the composite. Thus the surfaces for the aniso-
tropic porous materials are tilted away from the pure hydrostatic
direction (normal to the page). This is unlike the surfaces for isotro-
pic porous materials, which remain aligned with (and are symmetric
about) the pure hydrostatic direction. In particular, note that the
plastic ﬂow direction (i.e., the normal to the yield surface) for purely
hydrostatic loadings, which for the case of the isotropic microstruc-
ture is along the hydrostatic axis, is quite different for the aniso-
tropic microstructures. It is also worth noticing that the prolate
microstructure of Fig. 3(b), compared with the other two anisotropic
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Fig. 3. The IVE for the yield surface of an ideally plastic (m ¼ 0) porous medium with porosity f ¼ 1% and ellipsoidal pores with aspect ratios w1 and w2. Cross sections of the
associated yield surface on the P-plane at various values of the applied hydrostatic pressure rm are shown for (a) oblate spheroidal (w1 ¼ w2 ¼ 0:2), (b) prolate spheroidal
(w1 ¼ w2 ¼ 5) and (c) generally ellipsoidal microstructures (w1 ¼ 5 and w2 ¼ 0:2). The variable rHm denotes the yield pressure of the associated microstructure under purely
hydrostatic loadings. The corresponding yield curves for an isotropic porous medium (w1 ¼ w2 ¼ 1) are also included for comparison.
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tive behavior.
For further discussion on the predictions of the IVE model for
the instantaneous effective response of viscoplastic porous
materials, and comparisons with the FEM results of Madou and
Leblond (2012b) for porous materials with confocal ellipsoidal
microstructures, we refer the reader to Section 5 in Agoras and
Ponte Castañeda (2013). In this paper, we will focus on the
evolution of the microstructure, and its effect on the effective
response, under ﬁnite strain loading conditions.5.2. Finite-strain macroscopic response and stability under plane
strain conditions
In this subsection, we make use of the IVE model developed in
Section 4 to investigate the macroscopic response of rigid-plastic
porous materials under bi-axial straining (plane strain) loading
conditions. In particular, we consider a porous specimen consisting
of initially spherical voids distributed randomly and isotropically
(w1 ¼ w2 ¼ 1) in a rigid-plastic matrix. The yield stress ry of the
matrix is characterized by the isotropic strain hardening relation
(35), with ey ¼ 0:001 and M ¼ 0:1. (The effect of the hardeningFig. 4. (a) Schematic of the plane strain loading considered in this section, including the
strain. (b) The orientation angle / ¼ tan1 ﬃﬃﬃbp (in degrees) of the band is plotted as a fuexponent M is also discussed at the end of the section, in the
context of Fig. 9.) As illustrated in Fig. 4(a), the loading is deﬁned
by the conditions
D11¼bD33; with D3360 and bP0; while Dij¼0 otherwise:
ð48Þ
(Here Dij denotes the i; j component of the applied Eulerian strain-
rate tensor D in the ﬁxed coordinate system ei.) In addition, the
strain-rate ratio b is chosen to be constant throughout a given
deformation history. Note that the special cases b!1;b ¼ 0 and
b ¼ 1 correspond to uniaxial extension (D11 > 0), uniaxial contrac-
tion (D33 < 0) and pure shear straining (D11 ¼ D33 – 0), respec-
tively. Note also that b can be related to the strain triaxiality, so
that b < 1 corresponds to negative strain triaxiality and b > 1 to po-
sitive strain triaxiality.
Letting t denote the ‘‘time’’ variable, the non-zero components
of the applied logarithmic strain tensor E in the coordinate system
ei are E11 ¼ D11t and E33 ¼ D33t. Hence, E11 ¼ bE33. The associated
equivalent strain Ee is deﬁned by
Ee ¼ 23 E
2
11  E11E33 þ E233
	 
1=2 ¼ 2
3
b2 þ bþ 1	 
1=2E33; ð49Þ0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0
15
30
45
60
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90
φ
1tanφ β−=
β
geometrical features of the localization band that may develop at a certain critical
nction of the strain-rate ratio b.
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the loading conditions under consideration, the evolution equation
(27) for the porosity f may be integrated exactly, yielding the result
f ¼1ð1 f0Þexp ð1bÞE33
 ¼1ð1 f0Þexp 32 1bﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃb2þbþ1q Ee
264
375;
ð50Þ
where f0 is the initial porosity. The result (50) implies that the
porosity f increases with increasing strain Ee for b > 1, while f de-
creases with increasing Ee for 0 6 b < 1. Note that the porosity f re-
mains unchanged (i.e., f ¼ f0) for b ¼ 1 (pure shear).
The deformation of the porous specimen under the loading con-
ditions of Fig. 4(a) is expected to be ‘‘macroscopically uniform,’’ at
least up to some critical value of the applied strain at which the
material may become unstable. Following Rice (1977), in this work
we restrict consideration to the speciﬁc type of macroscopic insta-
bilities characterized by localization of the plastic deformation
within a thin band (or loss of strong ellipticity). As shown in the
latter reference, the onset of localization in a rigid-plastic medium
under the above described loading conditions occurs when (i) the
hardening rate H of the material vanishes and, at the same time,
(ii) there exists at least one non-deforming plane, deﬁning the ori-
entation of the localization band. Recall that, in general, the yield
surface of the porous medium is expected to expand and/or con-
tract non-uniformly, depending on the evolution of the internal
variables. The condition H ¼ 0 requires the yield surface to remain
locally unchanged or, equivalently, the associated critical stress
increment _r to be either zero or tangent to the yield surface. More
speciﬁcally, for H ¼ 0, expression (41) implies that
N11 _r11 þ N33 _r33 ¼ N33 b _r11 þ _r33
 
¼ 0) _r33 ¼ b _r11: ð51Þ
On the other hand, the second requirement for strain localization is
always satisﬁed for the plane strain loading of Fig. 4(a), provided
that 0 6 b < 1. In particular, it can be easily shown that the normal
n to the non-deforming plane is perpendicular to the constrained
direction e2 and it forms an angle / ¼ tan1
ﬃﬃﬃ
b
p
with the compres-
sive direction e3 (see Fig. 4(a)). Furthermore, the jump on the
strain-rate ﬁeld DD at the onset of localization, deﬁned as the differ-
ence between the strain-rate tensors inside and outside the band, is
given by
DD ¼ 1
2
g nþ n gð Þ; ð52Þ
where g is the bifurcation vector. From Fig. 4 we observe that for the
special cases of uniaxial extension (b!1), pure shear (b ¼ 1) and
uniaxial contraction (b ¼ 0), strain localization inside the band may
possibly occur through extension perpendicular to the band
(/ ¼ 90	), simple shear parallel to the band (/ ¼ 45	) and contrac-
tion perpendicular to the band (/ ¼ 0	), corresponding to exten-
sional, shear, and compaction bands, respectively. For
intermediate values of the strain-rate ratio b the deformation inside
the band involves both shear parallel to the band and extension
(b > 1;/ > 45	) or contraction (0 < b < 1;/ < 45	) perpendicular
to it.
More detailed results for speciﬁc cases of the plane strain prob-
lem under consideration will be provided next. In particular, we
consider ﬁrst the limiting cases b!1 (D33 ¼ 0;D11 > 0) and
b ¼ 0 (D11 ¼ 0;D33 < 0) of uniaxial extension along direction e1
and uniaxial contraction along direction e3, respectively. Then,
we discuss results for several values of the loading parameter
b 2 ð0;1Þ, including the special case b ¼ 1 (D11 ¼ D33) of pure
shear. Next, generalizing the previous results, we present the crit-
ical conditions for the onset of strain localization for all 0 6 b < 1in terms of the associated failure surfaces both in strain and in
stress space. Finally, we examine the effect of the hardening prop-
erties of the matrix. For convenience, in all plots, the critical condi-
tions for strain localization (H ¼ 0) are marked by ﬁlled dots.
Naturally, although shown for completeness, the solutions beyond
this point are not physically relevant, as the actual solutions would
be expected to bifurcate into other post-bifurcation solutions,
whose calculation is beyond the scope of the present work. Fur-
thermore, open square marks are used to indicate states of consid-
erably distorted pore shapes, corresponding to the (somewhat
arbitrarily chosen) aspect ratio w1 ¼ 0:1; note that w1 is always
less than w2. In this connection, we remark that for very small val-
ues of w1 or w2 (i.e., near complete void collapse) the hypothesis
that the (average) pore shape remains ellipsoidal becomes unreal-
istic—e.g., contact of the void surfaces may occur prior to complete
void closure (Hutchinson and Tvergaard, 2012)—and therefore the
predictions of the IVE model may become questionable on physical
grounds for values of the aspect ratios that are smaller than a cer-
tain critical value, which we estimate here to be 0.1. We empha-
size, however, that the predictions of the IVE model are
mathematically consistent consequences of the model for the en-
tire range of values of the microstructural variablesw1 andw2 (>0).
5.2.1. Uniaxial extension (b!1)
Fig. 5 shows the predictions of the IVE for the evolution of the
internal variables and for the macroscopic response of a porous
material subjected to uniaxial extension. The initial porosities
f0 ¼ 1%, 3%, 10% and 30% are considered. It is observed that the
behavior of each internal variable as a function of the applied strain
Ee (Fig. 5a–c) is similar for all values of f0. In particular, the porosity
f in Fig. 5(a) increases progressively with increasing strain Ee, as ex-
pected. On the other hand, the aspect ratio w1  a3=a1 (see
Fig. 1(b)) of the voids in Fig. 5(b) decreases with increasing Ee,
while w2  a2=a1 ¼ 1 for this loading. In other words, the initially
spherical pore shape evolves progressively towards prolate sphe-
roidal shapes. From the results of Fig. 5(c), we observe that the
yield stress ry of the matrix increases monotonically with increas-
ing Ee, also as expected. From Fig. 5(c), it is also interesting to ob-
serve that the slopes of the evolution curves for ry are initially
quite large but then decrease substantially with increasing strain
Ee. In contrast, we observe from Fig. 5(a) and (b) that the slopes
of the evolution curves for f and w1, respectively, do not change
much as a function of Ee. In this connection, it should be empha-
sized that the evolution of the internal variables in Figs. 5(a)–(c)
play the role of hardening or softening mechanisms, the competi-
tion (or synergy) among which determines the overall hardening
or softening properties of the macroscopic behavior of the material
in Fig. 5(d)–(h).
From the stress–strain plots of Fig. 5(d), we observe that, for any
given value of f0, the macroscopic response of the material exhibits
initially a hardening behavior, which after a certain strain level,
depending on f0, is followed by a softening behavior. This observa-
tion indicates accordingly that the macroscopic behavior is initially
dominated by the strain hardening of the matrix phase in Fig. 5(c)
and subsequently controlled by the void growth in Fig. 5(a). The
pore shape evolution of Fig. 5(b) has the effect of increasing the
load-carrying capacity of the material along the loading direction
e1 and, therefore, acts as an additional (anisotropic) hardening
mechanism. However, the contribution of this mechanism to the
overall hardening is not expected to be signiﬁcant, since the reduc-
tion rate of w1 is quite slow compared to the increase rate of ry
(Fig. 5(c)) in the macroscopic hardening regime (note, for example,
that in this regime the values of w1 are quite close to one). The
transition from hardening to softening observed in Fig. 5(d) indi-
cates the potential loss of stability in the macroscopic behavior
of the material. In this regard, it is worth noticing from the results
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Fig. 5. IVE results for an initially isotropic porous medium subjected to uniaxial extension. Initial porosities f0 ¼ 1%, 3%, 10%, 30% are considered; in each case, the strain
hardening relation (35), with M ¼ 0:1, is used for the matrix phase. Plots are shown for the evolution of the (a) porosity f, (b) void aspect ratio w1  a3=a1 (see Fig. 1(b)), (c)
yield stress ry of the matrix, (d) non-zero average stress components r11 and r22 ¼ r33, (e) stress triaxiality Xr ¼ rm=re and (f) effective hardening rate H.
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(H ¼ 0) is predicted to occur at the maximum value of the tensile
stress component r11, in agreement with the result (51), which
for the loading considered here specializes to _r11 ¼ 0. Note, how-
ever, that this is not necessarily the case for the stress componentsr22 ¼ r33. From the results of Fig. 5(d), it is also worth noticing that
decreasing the initial porosity f0 has the effect of reducing the ini-
tial hardening regime and, therefore, enlarging the softening re-
gime. In turn, this observation suggests that the void growth
mechanism has a stronger effect on materials with smaller initial
M. Agoras, P. Ponte Castañeda / International Journal of Solids and Structures 51 (2014) 981–1002 993porosities. From Fig. 5(e) we observe that the stress triaxiality
Xr ¼ rm=re decreases monotonically with increasing strain. Fur-
thermore, we observe that Xr assumes relatively large values, indi-
cating that the main deformation mechanism of the material under
uniaxial extension is void growth. It should also be observed that
the plots in Fig. 5(d) and (e) show consistently that the macro-
scopic behavior of the material is softer for higher values of f0, as
expected on physical grounds.
The hardening and softening trends of the macroscopic behav-
ior, discussed above in the context of the associated stress–strain
curves, may also be observed from the evolution of the macro-
scopic hardening modulus H. As shown in Fig. 5(f), increasing the
initial porosity f0 results in larger applied strains at the onset of
localization (H ¼ 0), conﬁrming the observation made earlier in
the context of Fig. 5(d) that the porosity growth has a stronger ef-
fect on materials with smaller porosities f0. On the other hand,
from Fig. 5(d) we observe that increasing f0 results in decreasing
the macroscopic stresses at the onset of strain localization, which
is consistent with the fact that for higher values of f0 the instabil-
ities occur at higher porosities f (see Fig. 5(a)). At this point, it may
be useful to recall that for the uniaxial stretching considered here
the localization of the strain inside the band takes place through
extension perpendicular to the band (see Fig. 4(b)). In addition,
we emphasize once again that the solutions shown in all the plots
are not physically relevant beyond the onset of the instabilities.
5.2.2. Uniaxial contraction (b ¼ 0)
Fig. 6 shows the predictions of the IVE for the same variables as
Fig. 5, but for uniaxial contraction. From Fig. 6(a), we observe that
the porosity f decreases more or less uniformly as a function of the
applied strain Ee up to void closure (f ¼ 0), for all values of the ini-
tial porosity (f0 ¼ 1%, 3%, 10% and 30%). In addition, we observe
that the strain required for void closure increases with increasing
f0, as expected on physical grounds. On the other hand, we observe
from Fig. 6(b) that the aspect ratios w1 ¼ w2 of the voids decrease
monotonically as a function of Ee, i.e., the initially spherical shape
of the voids evolves progressively towards oblate spheroidal
shapes. It is also seen that the void aspect ratio tends to reach
the value zero simultaneously with the porosity, meaning that
the voids tend to become closed cracks. However, in contrast with
the porosity, the reduction of the aspect ratio is highly non-uni-
form, tending to accelerate with increasing strains, especially for
the smaller values of f0. Thus, the predictions of the model for uni-
axial contraction are suggestive of void collapse, consistent with the
observations of Lee and Mear (1994) for the evolution of isolated
voids in power-law viscous solids under compressive axisymmet-
ric loadings. As discussed next, this observation turns out to have
signiﬁcant implications for the macroscopic response of the
material.
As shown in Fig. 6(d) for uniaxial contraction and several values
of f0, the macroscopic stresses in the porous material exhibit two
consecutive (different) hardening regimes, followed by a softening
regime. In particular, we observe that the macroscopic stress com-
ponents r11 ¼ r22 and r33 initially increase in magnitude, but with
decreasing rates, indicating that at this stage the macroscopic re-
sponse is dominated by the strain hardening of the matrix phase.
The rapid reduction in the hardening rate of the matrix (i.e., the
slopes of the curves for ry) in Figs. 6(c) suggest that the inﬂuence
of this mechanism is initially strong, but decreases signiﬁcantly
with increasing strain, just as for the uniaxial extension case dis-
cussed earlier. At a certain strain level, depending on f0, the slopes
of the stress–strain curves in Fig. 6(d) start to increase in magni-
tude, signaling the beginning of a second hardening regime, in
which the hardening induced by the porosity reduction in
Fig. 6(a) is stronger than that due to the strain hardening of the
matrix in Fig. 6(c). At even higher strains, however, we observean abrupt reduction in the magnitude of the stress components
r11 ¼ r22 and r33, which turn upwards, inverting the previous
hardening trend of the macroscopic response of the material. This
dramatic transition from hardening to softening behavior is
counterintuitive and demonstrates that a softening mechanism—
stronger than the hardening induced by the porosity reduction
and that due to the strain hardening of the matrix—comes into play
and controls the macroscopic behavior of the material at
sufﬁciently large strains. This softening mechanism can be no other
than that generated by the large changes in the pore shape
observed in Fig. 6(b). The strength of this void collapse mechanism
is manifested by the rapid reduction rates (at large strains) of the
void aspect ratiosw1 ¼ w2 in Fig. 6(b). The different rates of change
of the stress components r11 ¼ r22 and r33 observed in Fig. 6(d)
also demonstrate that this softening mechanism is anisotropic in
character.
As already mentioned, the transition from hardening to soften-
ing behavior corresponds to the possible loss of stability in the
macroscopic response of the material. In this connection, it should
also be observed from Fig. 6(d) that strain localization (H ¼ 0) is
predicted to occur at the maximum (in magnitude) value of the
stress component r33, in agreement with the result (51), which
for uniaxial contraction reduces to _r33 ¼ 0. Note, however, that
this is not necessarily true for the stress components r11 ¼ r22. It
should also be noted from Fig. 6(e) that the stress triaxiality
Xr ¼ rm=re decreases monotonically with increasing strain and
tends to minus inﬁnity as f ! 0, as expected on physical grounds.
Furthermore, note that the stress–strain plots in Fig. 6(d) and (e)
show consistently that the macroscopic behavior of a porous
material subjected to uniaxial contraction is softer for higher initial
porosities f0.
The hardening and softening regimes of the material behavior
discussed above in the context of the stress–strain curves of
Fig. 6(d) may be seen more directly in the plots for the evolution
of the macroscopic hardening rate H, shown in Fig. 6(f). In particu-
lar, it is seen that increasing the initial porosity f0 results in in-
creases in the applied strain required for the onset of
localization, just as for the case of uniaxial extension (Fig. 5(f)).
On the other hand, we observe from Fig. 6(d) that increasing f0
has the effect of reducing the critical stresses for the onset of
localization. In this connection, it should be remarked that the
predicted instabilities occur while the aspect ratios are still fairly
signiﬁcant (in the order of 0.25–0.5), and therefore the issue raised
by Hutchinson and Tvergaard (2012) concerning the possibility of
contact of the void faces, which the model does not account for,
is not expected to be a concern in this case. It should also be
recalled in this connection that the localization of the deformation
inside the band under uniaxial contraction loading occurs through
contraction perpendicular to the band. In other words, the
macroscopic localization in this case is a compaction band, which
is consistent at the microscale with uniaxial collapse of the voids.
At this point, it is useful to provide a brief discussion concerning
the possible validity of the above-mentioned predictions. Unfortu-
nately, the authors are not aware of full numerical simulations of
porous plastic materials at ﬁnite porosities under uniaxial contrac-
tile straining. However, as mentioned above, results are available
for the collapse of isolated voids in viscoplastic materials under
compressive conditions with negative triaxialities from the work
of Lee and Mear (1994), building on earlier work by Budiansky
et al. (1982) and Banks-Sills and Budiansky (1982). Lee and Mear
(1994) indeed documented a void collapse phenomenon, which
tends to become more pronounced with decreasing stress triaxial-
ity Xr, but only up to a certain negative value of the Xr, which
depends on the nonlinearity of the material. For very low values
of the Xr (tending to 1), Lee and Mear (1994) ﬁnd that initially
spherical voids actually collapse to needles. This anomalous
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sky (1982), and attributed to a highly nonlinear behavior (large
values of the nonlinearity exponent n). Still, Lee and Mear (1994)
ﬁnd that initially oblate voids do collapse to cracks, even for fairlylarge values of Xr. On the other hand, as already noted by Agoras
and Ponte Castañeda (2013), the IVE model is not quite able to cap-
ture this anomalous behavior of spherical voids at very high values
of the magnitude of the triaxiality, although it does capture the
M. Agoras, P. Ponte Castañeda / International Journal of Solids and Structures 51 (2014) 981–1002 995general trend and, in addition, it suggest that this anomalous
behavior may only be relevant for very small (dilute) values of
the initial porosity. As can be seen in Fig. 6(e), the stress triaxiality
Xr for uniaxial contraction starts at a negative value, depending on
the initial porosity, and drops sharply as the porosity tends to zero.
Based on the ﬁndings of Lee and Mear (1994) for inﬁnitesimal val-
ues of the initial porosity, it would seem that the predictions of the
IVE for very small values of the initial porosity may be inconsistent,
in that the voids may in fact collapse to needles instead of cracks,
which would obviously completely change the predictions for the
instability. However, for larger values of the initial porosity (say,
f0 > 10%), the behavior predicted by the IVE model would be con-
sistent with the ﬁndings of Lee and Mear (1994) for void collapse,
and the corresponding compaction band instability would be ex-
pected to be relevant. In this connection, it is interesting to remark
that such void compaction bands have been observed in metal
foams (which have very high initial porosities) under compressive
loading conditions (Bastawros et al., 2000), and also in porous
rocks with initial porosities in the order of 20% subjected to com-
pressive loadings (Olsson, 1999). Void collapse has also been ob-
served in metal forming operations involving initial porosities in
the order of 10% (Segurado et al., 2002; Zhang et al., 2009),
although to our knowledge compaction bands have not be docu-
mented in this context. Clearly, much remains to be done to clarify
these complex issues. However, based on these observations, we
could offer the following preliminary conclusions. While the pre-
dictions of the IVE model for the formation of compaction band
instabilities under uniaxial contraction conditions would appear
to be consistent with experimental observations for moderate to
large values of the initial porosity, these predictions may be incon-
sistent for very small values of the initial porosity, where compac-
tion bands have not been observed experimentally.5.2.3. Bi-axial straining (0 < b < 1)
Fig. 7 shows IVE plots for the plane strain response of a porous
material with initial porosity f0 ¼ 10%. Results are shown for sev-
eral values of the strain-rate ratio b (Fig. 4(a)), covering the range
between the two limiting cases of b!1 (uniaxial extension)
and b ¼ 0 (uniaxial contraction), discussed separately above. Note
that these results include the special case of pure shear straining,
corresponding to b ¼ 1. Note also that the results for the case of
pure shear straining (b ¼ 1) are shown with green curves, results
for extensional deformation (b > 1) are represented by red3 curves,
while those for contractile deformation (b < 1) are shown with blue
curves. It is remarked that the evolution of the yield stress ry of the
matrix phase for the loadings considered here is qualitatively similar
with that for uniaxial extension (Fig. 5(c)) and uniaxial contraction
(Fig. 6(c)), and it is, therefore, omitted. In addition, given that the
macroscopic stress components r11;r22 and r33 exhibit similar
behavior, only the evolution of r33 is shown in Fig. 7.
We observe from Fig. 7(a) that the porosity f remains ﬁxed
(f ¼ f0) for pure shear straining (b ¼ 1). On the other hand, we ob-
serve that f increases monotonically with increasing strain Ee for
extensional straining (b > 1), while f decreases monotonically with
increasing Ee for contractile straining (b < 1). In addition, we ob-
serve from Fig. 7(a) that f grows faster for larger values of b in
the range b > 1, while f drops faster for smaller values of b in the
range b < 1. Thus, for b < 1, void closure occurs at smaller strains
for smaller values of b. From the plots in Fig. 7(b) and (c) we ob-
serve that the aspect ratios w1  a3=a1 and w2  a3=a2 (see
Fig. 1(b)), characterizing the ellipsoidal shape of the pores, de-
crease monotonically with increasing strain Ee for all values of b.3 For interpretation of color in Fig. 4, the reader is referred to the web version of
this article.Furthermore, we observe that the reduction of w1 and w2 occurs
much faster for contractile than for pure shear or extensional
straining. In particular, for pure shear loading (b ¼ 1) the aspect ra-
tios w1 and w2 can be shown to tend to zero asymptotically as
Ee !1 and, therefore, the shape change for this loading is rela-
tively slow. For extensional straining (b > 1), the aspect ratios w1
and w2 decrease with slower rates than for pure shear straining.
On the other hand, for contractile straining (b < 1) we observe that
the aspect ratios w1 and w2 decrease quite fast at sufﬁciently large
strains, especially for smaller values of b, and tend to zero as f ! 0
(void collapse).
For values of the loading parameter b – 1, we observe that the
macroscopic stress–strain curves of Fig. 7(d) exhibit a behavior
which in the range of extensional straining (b > 1) is similar with
that of the corresponding results in Fig. 5(d) for uniaxial extension
(b!1), while in the range of contractile straining (b < 1) is sim-
ilar with that of the curves in Fig. 6(d) for uniaxial contraction
(b ¼ 0). Speciﬁcally, we observe that the stress–strain curves of
Fig. 7(d) for both b > 1 and b < 1 exhibit initially a hardening
behavior characterized by decreasing hardening rates, which is in-
duced by the hardening of the matrix phase. For the cases b ¼ 0:1
and b ¼ 0:5, we observe that at a certain strain level this hardening
behavior is followed by a second phase of stronger hardening,
which is induced by the porosity reduction in Fig. 7(a). This second
hardening phase is not clearly observed for b ¼ 0:8 (nor for b ¼ 1),
because the hardening effect induced by the porosity reduction be-
comes progressive weaker with increasing values of b and disap-
pears for b ¼ 1. At larger values of the applied strain, depending
on b, the hardening behavior of the curves in Fig. 7(d) for b – 1
is followed by a softening behavior. The underlying mechanism
inducing this macroscopic softening is the porosity growth in
Fig. 7(a) for extensional straining (b > 1) and the pore shape evolu-
tion, or void collapse, in Fig. 7(b) and (c) for contractile straining
(b < 1). From the results of Fig. 7(d) it should also be observed that
either increasing b in the range b > 1 or decreasing b in the range
b < 1 has the effect of increasing the magnitude of both the rate of
hardening and the rate of softening in the respective regimes. Note,
in particular, that the transition from hardening to softening
behavior in the range b < 1 is more dramatic for lower values of
b, which is consistent with the fact that the corresponding aspect
ratios w1 and w2 in Fig. 7(b) and (c) decrease faster for smaller b.
These observations suggest that the effect of the evolution of the
microstructure on the macroscopic response of the porous mate-
rial, as discussed above, becomes stronger for larger b in the range
b > 1—i.e., for ‘‘larger’’ extensional straining—or for smaller b in the
range b < 1—i.e., for ‘‘larger’’ contractile straining. From Fig. 7(e),
we observe that the behavior of the stress triaxiality Xr  rm=re
as a function of Ee is similar to that of r33 for all values of b – 1.
For b ¼ 1, we observe that r33 < 0, while Xr > 0, which is due to
the fact that r11 > 0 and r22 > 0 (not shown in this ﬁgure). Note
also that jXrj assumes much larger values for contractile than for
extensional straining, which is consistent with the fact that in
the former case the deformation takes place under conditions of
porosity reduction while in the latter under conditions of porosity
growth.
The evolution of the macroscopic hardening rate H, shown in
Fig. 7(f), conﬁrms the hardening/softening trends in the macro-
scopic response of the porous material discussed above in the con-
text of the associated stress–strain curves. Interestingly, from all
loadings considered in this ﬁgure, the case b ¼ 1 is the only one
for which H remains positive throughout the deformation and,
therefore, the macroscopic response of the porous material re-
mains stable. For values of b– 1 the modulus H vanishes at a cer-
tain critical strain, corresponding to the onset of strain localization.
From Fig. 7(f), it is also observed that the applied critical strain at
the onset of instabilities (H ¼ 0) is smaller for higher values of b in
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porosity grows faster for larger b (Fig. 7a). Similarly, we observe
that the critical strain is smaller for smaller b in the range b < 1,
which is once again in agreement with the fact that for b < 1 theaspect ratios of the voids drop faster for smaller b (Fig. 7(b) and
(c)). In contrast, we observe in Fig. 7(d) that the corresponding crit-
ical stress r33 (i.e., the value of r33 marked by a dot) increases in
magnitude either with increasing b in the range b > 1, or with
M. Agoras, P. Ponte Castañeda / International Journal of Solids and Structures 51 (2014) 981–1002 997decreasing b in the range b < 1. Note that, this behavior of the crit-
ical stress is consistent with the fact that the instabilities take place
at smaller porosities for either increasing b in the range b > 1, or
decreasing b in the range b < 1 (see Fig. 7(a)). For completeness,
from Fig. 4(b) we recall that for extensional (contractile) straining
strain localization inside the band involves both shear parallel to
the band and extension (contraction) perpendicular to the band.
At this point, it should be remarked that results for the micro-
structure evolution and macroscopic response of porous materials
subjected to the plane strain loading (shown in Fig. 4(a)) have also
been obtained by Ponte Castañeda and Zaidman (1994), by making
use of the VE model discussed brieﬂy in Section 3.1. These authors
conﬁned their investigation in the range of loadings with strain-
rate ratios b > 1:43 (note that their deﬁnition of b is different) in
order to avoid situations involving large stress triaxialities and
small porosities, for which the VE model is known to provide inac-
curate predictions. Furthermore, the results of Ponte Castañeda
and Zaidman (1994) are for the special case of an ideally plastic
matrix phase, thus neglecting the effect of strain hardening of
the matrix. Nevertheless, the effects of the porosity evolution and
pore shape change on the macroscopic response of the material
predicted by the VE model of Ponte Castañeda and Zaidman
(1994) are qualitatively consistent with the corresponding effects
observed in the context of the IVE results of Fig. 7. It should be
emphasized, however, that the softening effect induced by the pore
shape change under contractile straining conditions, as predicted
by the VE model, was manifested at relatively small values of the
porosity and, therefore, the possibility that this prediction was
simply an artifact due to the inaccuracy of the VE model could
not be excluded. As detailed above, the results of Fig. 7, for both
extensional and contractile straining conditions, obtained by
means of the present IVE model, which is free from the limitations
of the earlier VE model, conﬁrm the corresponding ﬁndings of Pon-
te Castañeda and Zaidman (1994). In particular, they conﬁrm the
possible development of shear localization instabilities under load-
ing conditions involving positive triaxialities (i.e., hydrostatic ten-
sile stress), due to void growth. (These instabilities are missed by
the VE model of Ponte Castañeda and Zaidman (1994) because ma-
trix hardening was neglected in that work.) More importantly,
however, they also conﬁrm the possible development of shear
localization instabilities under loading conditions involving nega-
tive triaxialities (i.e., hydrostatic compression), due to void collapse.
It should also be mentioned that results for plane strain
loadings have been given by Danas and Ponte Castañeda (2009b)
using the second-order linear comparison model of Danas and
Ponte Castañeda (2009a). However, in that work, the hardening
of the matrix phase was also neglected, and the stress triaxiality
was held ﬁxed instead of the strain triaxiality (i.e., b) as in this
work. Because of this, the shear localization instabilities found in
that work for small (positive) triaxialities actually correspond to
the hardening rate, which starts negative, becoming zero at some
small ﬁnite strain. However, a second branch of instabilities has
been found (although not documented in the publication) for
larger strains corresponding to negative triaxialities, due to void
collapse, consistent with the predictions of this IVE model. In
addition, it should be recalled that Danas and Ponte Castañeda
(2012) have recently carried out a more complete analysis
incorporating matrix hardening (and elasticity), but these authors
considered prescribed stress conditions involving the Lode angle
and stress triaxiality (and not plane strain conditions).
5.2.4. Failure curves
Fig. 8 shows plots of the (critical) conditions at the onset of
macroscopic strain localization in porous materials with initial
porosities f0 ¼ 1%, 10% and 30% subjected to the plane strain
loading of Fig. 4(a), where the strain-rate ratio b 2 ½0;1Þ.Speciﬁcally, Fig. 8(a) shows the critical equivalent strain Ecre as a
function of b, while Fig. 8(b) presents the critical strain states on
the plane Ecr11  Ecr33 (Ecr22 ¼ 0). Due to the strain-rate controlled char-
acter of the loading, the corresponding critical stress states do not
necessarily lie on a speciﬁc plane in principal stress space. Thus, in
Fig. 8(c) and (d) we show the projections of the failure curves in
stress space on the planes rcr11  rcr33 and rcr22  rcr33, respectively.
Fig. 8(e) and (f) show plots of the corresponding critical values of
the porosity f cr and void aspect ratios wcr1 and w
cr
2 as functions of
b. We emphasize that the critical stress states shown in Fig. 8(c)
and (d) correspond to different (ﬁnal) microstructural conﬁgura-
tions, as may be clearly seen from Fig. 8(e) and (f). (In particular,
this means that the failure curves of Fig. 8(c) and (d) are not yield
surfaces.) For completeness, in Fig. 8(b)–(d), we have included not
only results for loading conditions with D33 6 0 and
D11 ¼ bD33 P 0, i.e., the curves below the diagonal y ¼ x, but also
results for the symmetric loading case D33 P 0 and
D11 ¼ bD33 6 0, i.e., the curves above the diagonal y ¼ x. The
thin-dashed black lines in Fig. 8(b) represent the speciﬁc loading
paths corresponding to b  D11=D33 ¼ E11=E33 ¼ 0;0:5;1;2 and
b!1. Similarly, the critical stress states corresponding to the
loading paths D33 6 0 and D11 ¼ bD33 P 0, with b ¼ 0;0:5;1;2
and b!1, are plotted in the curves of Fig. 8(c) and (d) with var-
ious symbols, as explained in the insert.
It is emphasized that the dotted portion of each failure curve in
Fig. 8 corresponds to instabilities occurring at a void aspect ratio
wcr1 6 0:1, for which the assumption that the voids continue to
evolve with an average ellipsoidal shape may become question-
able. Hence, the IVE results of Fig. 8 depicted with dotted curves
may also be physically unattainable and therefore questionable.
It is observed, however, that the range of loadings for which the
instabilities take place for wcr1 6 0:1 is limited to values of b close
to b ¼ 1 (pure shear). We further observe from Fig. 8(f) that wcr1 in-
creases progressively as b increases in the regime of extensional
straining (b > 1), or as b decreases in the regime of contractile
straining (b < 1). Note, for example, that for uniaxial contraction
(b ¼ 0) of a porous material with f0 ¼ 1% initial porosity strain
localization occurs at wcr1 ’ 0:5. Thus, except for a relatively small
range of loadings for which instabilities take place at physically
unrealistic conditions, the instabilities in Fig. 8 occur for realistic
conditions, and more importantly, they exhibit clear trends, which
are discussed in more detail next.
The failure curves of Fig. 8(a) and (b) for the equivalent strain
Ecre and the strain components E
cr
11 and E
cr
33 show that, for given f0,
the critical strains tend to blow up as b! 1, consistent with the
fact that pure shear straining has been found to be stable (i.e.,
the shear localization conditions are not satisﬁed in this case).
On the other hand, deviations from pure shear straining (b ¼ 1),
either towards uniaxial extension (b!1) or uniaxial contraction
(b ¼ 0), tend to make the porous material progressively less
stable in strain space. This behavior is a consequence of the fact
that the softening mechanism that is responsible for localization
becomes progressively stronger either with increasing b in the
range of extensional straining, or with decreasing b in the range
of contractile straining, as discussed in the context of the results
in Fig. 7(d). In addition, the failure curves shown in Fig. 8(a) and
(b) indicate that porous materials with higher initial porosities f0
are more stable in strain space, in the sense that, for any given
value of the loading parameter b, increasing f0 results in increas-
ing the strain required for localization. This is due to the fact that
the softening mechanisms that are responsible for destabilizing
the macroscopic behavior, i.e., the porosity growth for extensional
straining (b > 1), and the pore shape change for contractile
straining (b < 1), are weaker for higher values of f0, as discussed
in the context of Figs. 5(d) and 6(d) for the special cases b!1
and b ¼ 0, respectively.
0 0.5 1 1.5 2 2.5 3 3.5 4
0
0.2
0.4
0.6
0.8
1
cr
e
E
-0.4 -0.2 0 0.2 0.4
-0.4
-0.2
0
0.2
0.4
1 1
crE
33
crE
-10 -7.5 -5 -2.5 0 2.5 5
-10
-7.5
-5
-2.5
0
2.5
5
11 0/
crσ σ
33
0
crσ
σ
-10 -7.5 -5 -2.5 0 2.5 5
-10
-7.5
-5
-2.5
0
2.5
5
33
0
crσ
σ
22 0/
crσ σ
0 0.5 1 1.5 2 2.5 3 3.5 4
0
0.1
0.2
0.3
0.4
0.5
crf
0 0.5 1 1.5 2 2.5 3 3.5 4
0
0.2
0.4
0.6
0.8
1
crwα
Fig. 8. Critical conditions for the onset of the macroscopic strain localization in porous materials subjected to the plane strain loading of Fig. 4(a), with 0 6 b < 1. In parts (b),
(c) and (d), the curves below the diagonal y ¼ x are for D33 6 0 and D11 ¼ bD33 P 0, while those above the diagonal y ¼ x correspond to the symmetric loading case D33 P 0
and D11 ¼ bD33 6 0. Results are shown for initial porosities f0 ¼ 1%;10%;30%. (a) Ecre versus b, (b) Ecr33 versus Ecr11, (c) rcr33 versus rcr11, (d) rcr33 versus rcr22, (e) f cr versus b, (f) wcr1
and wcr2 versus b.
998 M. Agoras, P. Ponte Castañeda / International Journal of Solids and Structures 51 (2014) 981–1002On the other hand, it can be seen from the continuous portions
(i.e., for instabilities occurring at void aspect ratioswcr1 > 0:1) of the
failure curves in Fig. 8(c) and (d) that the porous material becomes
more stable in stress space with either increasing b for b > 1 (ﬁrstquadrant), or decreasing b for b < 1 (third quadrant), in the sense
that the corresponding critical stress components rcr11;rcr22 and
rcr33 are larger in magnitude for either larger b in the range b > 1,
or smaller b in the range b < 1. This prediction is consistent with
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the values M ¼ 0;0:01;0:05;0:1;0:2 of the exponent M in the strain hardening relation (35) for the matrix.
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were found to decrease with either increasing b for b > 1, or
decreasing b for b < 1. As already mentioned, the instabilities
occurring at void aspect ratios wcr1 < 0:1 (i.e., the dotted portions
of the failure curves) correspond to values of the strain-rate ratio
close to b ¼ 1 (pure shear). In addition, the failure curves of
Fig. 8(c) and (d) show that porous materials also become more
unstable in stress space with increasing initial porosities f0, in
the sense that, for any given value of b, the stresses required for
strain localization are smaller in magnitude. This prediction is con-
sistent with the fact that for higher values of f0 the instabilities oc-
cur at higher critical porosities f cr , as shown in Fig. 8(e).
5.2.5. The effect of the strain hardening of the matrix
Fig. 9 shows evolution plots for the macroscopic hardening rate
H of a porous material with initial porosity f0 ¼ 10% that is sub-
jected to plane strain loadings of the type shown in Fig. 4(a), with
strain-rate ratios b ¼ 2 (Fig. 9(a)) and b ¼ 0:5 (Fig. 9(b)). In each
case, results are shown for several values of the exponent M in
the strain hardening relation (35) for the matrix phase. Recall that
the special case of M ¼ 0:1 shown in this ﬁgure has already been
discussed in the context of Fig. 7(f). The main observation from
the results of Fig. 9 is that the behavior of H as a function of Ee is
similar for all values of the strain hardening exponent M shown,
with the main difference being that increasing M has the effect
of increasing the macroscopic hardening rate H, as expected on
physical grounds. Thus, as may be observed from both Fig. 9(a)
and (b), increasing the value ofM has the effect of delaying the on-
set of strain localization (H ¼ 0). Note, however, that this effect is
much stronger for the case of the extensional straining in
Fig. 9(a) than for the case of the contractile straining in Fig. 9(b).
Furthermore, note that for the special case of an ideally plastic ma-
trix (M ¼ 0) no localization is predicted for the case of extensional
straining shown in Fig. 9(a). For this special case, we observe that H
is negative for all strains, indicating that in the absence of the
strain hardening of matrix phase the porous material undergoes
continuous softening due to the progressive increase of the poros-
ity. On the other hand, localization is predicted for the case of con-
tractile straining shown in Fig. 9(b), even for an ideally plastic
matrix phase. This suggests that the void collapse mechanism
responsible for the instabilities under these conditions is somehow
much more abrupt and robust.6. Concluding remarks
In this work, we have developed a constitutive model for the ﬁ-
nite-strain, macroscopic response of porous viscoplastic solids,
accounting for evolution of the porosity and microstructure-in-
duced anisotropy. The model makes use of the ‘‘iterated variational
linear comparison’’ estimate (IVE) of Agoras and Ponte Castañeda
(2013) to characterize the instantaneous effective response of the
material, while the evolution of the associated microstructural
variables is obtained by means of consistent estimates for the aver-
age strain-rate over the vacuous phase. Similar to the ‘‘variational
linear comparison’’ model (VE) of Ponte Castañeda and Zaidman
(1994), the ﬁnal form of the present IVE model is a classical inter-
nal-variable model with the microstructural variables playing the
role of the internal variables. Also similar to the VE model, the
IVE model can be easily implemented numerically for use with
standard FEM codes (Aravas and Ponte Castañeda, 2004), but it
should be signiﬁcantly more accurate for high-triaxiality condi-
tions, where the earlier VE model has been found to be deﬁcient,
especially for very small porosities.
In this ﬁrst application of the model, we have focused on dis-
placement-controlled, bi-axial straining (plane strain) conditions,
and investigated the competing effects of matrix hardening, void
growth and pore shape evolution on the macroscopic response of
porous rigid-plastic solids consisting of initially isotropic distribu-
tions of spherical pores. It is found that, just as for the porosity—
which can lead to softening, when it grows, and to hardening,
when it shrinks—pore shape changes can also produce softening
and hardening, depending on the speciﬁc loadings conditions. In
fact, under straining conditions involving negative strain triaxiali-
ties, the voids are found to collapse to cracks, and the associated
softening produced by the collapsing voids is so strong that it
can actually dominate the intrinsic hardening of the matrix—as
well as the hardening induced by the shrinking porosity—resulting
in overall softening and leading to the development of shear local-
ization instabilities. Furthermore, increasing the magnitude of the
negative strain triaxiality—up to uniaxial contraction, beyond
which no instabilities are observed (for kinematical reasons)—
makes this softening effect more signiﬁcant, thus leading to a
reduction in the critical strain at which the voids collapse. This
softening mechanism due to void collapse, which was also observed
by Ponte Castañeda and Zaidman (1994) in corresponding
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the more common softening associated with void growth. However,
they have similar consequences for the overall stability of the por-
ous material, which tends to be reduced both for increasing (posi-
tive) triaxiality, due to void growth, as for decreasing (negative)
triaxiality, due to void collapse. In this connection, it is also impor-
tant to note that the model predicts the development of pure com-
paction bands for uniaxial contraction, in agreement with
experimental observations for compression of metal foams, while
it predicts the formation of pure dilatational bands for uniaxial
extension, with more general shear localization instabilities for
straining conditions in between these two limiting cases.
Although we have not been able to ﬁnd in the literature full-
ﬁeld numerical simulations for porous plastic solids subject to
the same bi-axial straining conditions used in this work, we have
been able to ﬁnd conﬁrmation of some of the predictions of the
IVE model. In particular, building on earlier work by Banks-Sills
and Budiansky (1982), Lee and Mear (1994) found that isolated
voids can collapse to cracks under prescribed axisymmetric
traction boundary conditions with negative triaxialities (i.e., sub-
jected to overall hydrostatic compression), and that the initial
spherical shape of the voids is unstable in that slightly oblate voids
tend to collapse to cracks, while slightly prolate voids tend to col-
lapse to needles. However, Lee and Mear (1994) also found an
anomalous regime at very large triaxialities and nonlinearities
(near pure hydrostatic compression), where initially spherical
voids can collapse to needles. As a consequence, we must call into
question the predictions of the IVE model for compaction band
instabilities under uniaxial contraction and at very small initial
porosities, where the initial triaxialities can be quite large. On
the other hand, for sufﬁciently large initial porosities and more
general bi-axial loadings, where the initial triaxialities are gener-
ally smaller, the predictions for the shear localization instabilities
could still be physically meaningful. In fact, there is experimental
evidence of compaction band instabilities in triaxial compression
tests of porous rocks (Olsson, 1999), hot forging of large ingots
(Zhang et al., 2009) and uniaxial compression of closed-cell metal
foams (Bastawros et al., 2000), where the initial porosities are in
the range of 10–95%.
In spite of quantitative differences, the results of this work are
also generally consistent with the recent results of Danas and
Ponte Castañeda (2012), with two important caveats. First, pore
shapes at the onset of the instabilities, as deﬁned by the associated
critical values of the average aspect ratios of the voids, are much
less distorted than those found in the work of Danas and Ponte
Castañeda (2012). This is due to the differences in boundary
conditions considered: prescribed stress triaxiality and Lode angle
in the earlier work versus prescribed strain triaxiality and plane
strain conditions in the present work. As a consequence, the void
collapse instabilities predicted in this work are not expected to
be invalidated by the contact of the void faces (see Hutchinson
and Tvergaard, 2012), at least for small to moderate initial porosi-
ties and sufﬁciently negative strain triaxialities. Second, our results
for displacement-controlled, plane strain conditions show that the
voids collapse to ﬂat cracks, and therefore we see no evidence of
the void linking mechanism suggested by the earlier results of
Danas and Ponte Castañeda (2012), where the porosity was found
to turn around and increase at the late stages of the collapse of the
voids under small stress triaxialities. However, in spite of the
somewhat different boundary conditions, the basic softening
mechanisms and general trends predicted by the two models are
consistent, except at very small values of the average pore aspect
ratio, where the predictions of the models become physically
unrealistic anyway (because of failure to account for contact of
the void faces).It is important to emphasize that the above-mentioned conclu-
sions concerning the response of the porous plastic materials,
especially for the possible development of instabilities, correspond
to a certain special class of loading conditions—leading to loading-
speciﬁc interactions of the void growth and shape change harden-
ing/softening mechanisms. The response of the porous materials
would be expected to be different for other classes of loading con-
ditions (e.g., simple shear, prescribed stress triaxiality, Lode angle,
etc.). Thus, at a more fundamental level, the main conclusion of
this work is that the anisotropic development of the microstruc-
ture—as determined by the evolution of the porosity, average void
shape and orientation—plays a central role in the characterization
of the macroscopic response, and in the possible development of
shear localization instabilities, through the implications of the evo-
lution of these variables for the overall hardening of the porous
materials. Since the evolution of the microstructure is determined
by kinematical considerations—and is therefore sensitive to the
speciﬁc boundary conditions imposed on the material—the re-
sponse of these materials is also sensitive to the speciﬁc boundary
conditions applied. This sensitivity to the loading conditions—
through the evolution of the relevant microstructural variables—
may help resolve the current controversy (e.g., Haltom et al.,
2013) concerning the macroscopic response of porous materials
at low triaxialities, and rationalize the results of experiments car-
ried out under different loading conditions. It is our contention that
theoretical models, such as the one proposed in this work—faith-
fully accounting for the microstructure and its evolution—will help
ﬁll the gap in our understanding of these technologically important
material issues.
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Appendix A. PCW estimates
Recall that the nonlinear iterative procedure of Section 3.2
involves a linear comparison composite (LCC) at each iteration
i ¼ 1; . . . ;N, the effective properties of which are determined by
means of the Ponte Castañeda andWillis (1995) estimates, referred
to as PCW. In this Appendix, we provide the required PCW
estimates for these LCCs, referring to Agoras and Ponte Castañeda
(2013) for their derivation.
It can be shown that the PCW estimate for the effective compli-
ance tensor eS½i of the i-level LCC is given by
eSPCW½1 ¼ 12lð1Þ½1 Kþ
cð2Þ½1
2lð1Þ½1
bQðpÞ  cð2Þ½1 bQðdÞh i1  eSPCW½1 lð1Þ½1 ;
eSPCW½i ¼ 12lð1Þ½i Kþ
cð2Þ½i
2lð1Þ½i
2lð1Þ½i eSPCW½i1 K 1 þ 1 cð2Þ½i  bQðdÞ 1
 eSPCW½i lð1Þ½1 ; . . . ;lð1Þ½i ; i ¼ 2; . . . ;N; ð53Þ
where lð1Þ½i denotes the shear modulus of the matrix phase of the
i-level LCC, cð2Þ½i stands for the volume fraction of the associated
i-level composite-inclusion phase, K is the identity tensor in the
fourth-order deviatoric space, while bQðpÞ ¼ bQðwðpÞa ;nðpÞi Þ andbQðdÞ ¼ bQðwðdÞa ;nðdÞi Þ are the microstructural tensors introduced in
the context of (11)2. For convenience, we deﬁne the following
normalized effective tensors
M. Agoras, P. Ponte Castañeda / International Journal of Solids and Structures 51 (2014) 981–1002 1001bSPCW½1 2lð1Þ½1 eSPCW½1 ¼Kþcð2Þ½1 bQðpÞ  cð2Þ½1 bQðdÞh i1;
bSPCW½i 2lð1Þ½1 eSPCW½i ¼q1½i Kþq1½i cð2Þ½i q½i bSPCW½i1 K 1þ 1cð2Þ½i  bQðdÞ 1
 bSPCW½i ðq½2; . . . ;q½iÞ; i¼2; . . . ;N; ð54Þ
where q½j  lð1Þ½j =lð1Þ½1 , with j ¼ 2; . . . ;N. Note that, the tensor bSPCW½1 is
independent of the shear moduli lð1Þ½i , while the tensors bSPCW½i , with
i ¼ 2; . . . ;N, are functions bSPCW½i ðq½jÞ of the normalized moduli q½j,
with j ¼ 2; . . . ; i.
The PCW estimate for the second moment hr2e ið1Þ½i of the equiva-
lent stress ﬁeld over the matrix phase of the i-level LCC is given by
r2e
 ð1Þ
½1 ¼
3
2
1
1cð2Þ½1
r 
YN
j¼2
B
ð2Þ
½j
" #T bSPCW½1 YN
j¼2
B
ð2Þ
½j
" #
rF ½1ðq½2; . . . ;q½NÞ;
r2e
 ð1Þ
½i ¼
3
2
q½i
1cð2Þ½i
r 
YN
j¼iþ1
B
ð2Þ
½j
" #T bSPCW½i cð2Þ½i Bð2Þ½i T bSPCW½i1Bð2Þ½i  YN
j¼iþ1
B
ð2Þ
½j
" #
r
F ½iðq½2; . . . ;q½NÞ; i¼2; . . . ;N; ð55Þ
where we recall that the tensors bSPCW½i are deﬁned by (54), while
B
ð2Þ
½i ¼ Iþ 1 cð2Þ½i
  bQðdÞ q½i bSPCW½i1 K h i1
 Bð2Þ½i ðq½2; . . . ;q½iÞ; i ¼ 2; . . . ;N; ð56Þ
where I denotes the fully symmetric, fourth-order identity tensor.
We emphasize that, for a given microstructural conﬁguration (1)
and applied stress r, the second moment variables hr2e ið1Þ½i
(i ¼ 1; . . . ;N) in (55) are functions F ½iðq½jÞ of the set of shear moduli
ratios q½j (j ¼ 2; . . . ;N).
The iterated PCW estimate for the average strain-rate in the
pores is given by Dð2Þ ¼ Að2ÞD, where Að2Þ is the associated strain-
rate concentration tensor, determined by
Að2Þ ¼
YN
i¼1
A
ð2Þ
½i  Að2Þðq½2; . . . ;q½NÞ; ð57Þ
with
A
ð2Þ
½1 ¼ cð2Þ½1 IþK bQðpÞ  cð2Þ½1 bQðdÞ h i1;
A
ð2Þ
½i ¼ cð2Þ½i Iþ 1 cð2Þ½i
 
KK bQðdÞK  q½i bSPCW½i1 1 þK bQðdÞ  1
 Að2Þ½i ðq½2; . . . ;q½iÞ; i ¼ 2; . . . ;N; ð58Þ
where we recall that the tensors bSPCW½i are given by (54). In contrast
with the VE (13) for Að2Þ, which depends only on the microstruc-
tural variables (1), we observe that the IVE (57) depends, in addi-
tion, both on the applied stress r and on the properties of the
nonlinear matrix phase, as a result of the fact that expression (57)
is a function of the normalized moduli q½j, with j ¼ 2; . . . ;N.
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